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Policy optimization

maximizey value(policy(#))

e directly optimize the policy, which is the quantity of interest;
e allow flexible differentiable parameterizations of the policy;

e work with both continuous and discrete problems.
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Theoretical challenges: non-concavity

Little understanding on the global convergence of policy gradient
methods until very recently, e.g. (Fazel et al., 2018; Bhandari and Russo, 2019;
Agarwal et al., 2019; Mei et al. 2020), and many more.

Our goal:
e understand finite-time convergence rates of popular heuristics;
e design fast-convergent algorithms in multi-agent and federated

settings.
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Policy gradient methods

Given an initial state distribution s ~ p, find policy 7 such that

maximize, V7™ (p) := Es, [V™(5)]
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Policy gradient methods

Given an initial state distribution s ~ p, find policy 7 such that

maximize, V7™ (p) := Es, [V™(5)]

Parameterization:
T =Ty ‘

maximizeg  V7"(p) := Eqsup [V (5)]

Policy gradient method (Sutton et al., 2000)
Fort=0,1, -
9(t+1) — 9(75) + nvevﬂ'ét) (p)

where 1 is the learning rate.
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The policy gradient theorem

Theorem (Policy gradient theorem, Sutton et al., 2000)

The policy gradient can be evaluated via

1
VOV () = T Byt anmy [Q (5:0) Y log mo(als)
1
= TESNdZG ,a~g (+]s) [AFG (87 Cl)V IOg 7T9(CL‘S):| )

-7
where
e dp’ is the discounted state visitation distribution,
e Yy(s,a) := Vlogmy(als) is the score function, and
o A™(s,a) = Q™ (s,a) — V™ (s) is the advantage function.

Provides a general scheme for policy gradient evaluation (e.g.,
REINFORCE).
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Examples of policy parameterization

Discrete action space: softmax parameterization with function
approximation

mo(als) exp(¢(s,a)T9)

e ¢(s,a) is the feature vector of each state-action pair;

e the score function Vlogmg(als) = ¢(s,a) — Equr,(.1s)[0(5; )]
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Examples of policy parameterization

Discrete action space: softmax parameterization with function
approximation

ro(als) o exp(@(s,a) )
e ¢(s,a) is the feature vector of each state-action pair;

e the score function Vlogmg(als) = ¢(s,a) — Equr,(.1s)[0(5; )]

Continuous action space: Gaussian policy
a~N(u(s),0%), u(s)=¢(s)'0

e ¢(s) is the feature of each state;

e o2 is the variance (kept constant for simplicity);
(a=sn())6(s)

e the score function Vlog mg(als) = o2
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Softmax policy gradient methods

Given an initial state distribution s ~ p, find policy 7 such that

maximize, V7™ (p) := Es, [V™(5)]

softmax parameterization:
mo(als) o< exp(6(s, a))

maximizeg  V7"(p) := Eqsup [V (5)]

Policy gradient method (Sutton et al., 2000)
Fort=0,1, -
9(t+1) — 9(75) + nvevﬂ'ét) (p)

where 1 is the learning rate.
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Global convergence of the PG method?

e (Agarwal et al., 2019) showed that softmax PG converges
asymptotically to the global optimal policy.
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Global convergence of the PG method?

Loading...

///

e (Agarwal et al., 2019) showed that softmax PG converges
asymptotically to the global optimal policy.

e (Mei et al., 2020) Softmax PG converges to global opt in

c(|S], |A] -+) O(2) iterations

s 1= 77'
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Global convergence of the PG method?

Loading...

//J

e (Agarwal et al., 2019) showed that softmax PG converges
asymptotically to the global optimal policy.

e (Mei et al., 2020) Softmax PG converges to global opt in

c(|S], Al ﬁ, -+-) O(2) iterations

Is the rate of PG good, bad or ugly? J
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A negative message

Theorem (Li, Wei, Chi, Chen, MP 2023)
There exists an MDP s.t. it takes softmax PG at least

1
1=y

1 (1)
—|S)? iterations
n

to achieve ||V — V*||o, < 0.15.
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A negative message

Theorem (Li, Wei, Chi, Chen, MP 2023)
There exists an MDP s.t. it takes softmax PG at least

1
T—v

1 o)
— ISP iterations
n

to achieve ||V — V*||o, < 0.15.

e Softmax PG can take (super)-exponential time to converge
(in problems w/ large state space & long effective horizon)!

e Also hold for average sub-opt gap I%\ Sees [VO(s) — V*(s)].

e In the constructed MDP, the convergence time for a sequence of
states grows geometrically.

9/ 55




MDP construction for our lower bound
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MDP construction for our lower bound
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Key ingredients: for 3 < s < H < ﬁ

o 7 (aop | 5) keeps decreasing until ) (agp | 5 — 2) ~
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What is happening in our constructed MDP?

4

1

(a1 | 1)

v
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-
-
~ -
~ -
______
_________

v

Convergence time for state s grows geometrically as s increases
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What is happening in our constructed MDP?
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Convergence time for state s grows geometrically as s increases

convergence-time(s) 2 (convergence-time(s — 2))1'5
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“Seriously, lady, at this hour you'd make a
lot better time taking the subway.”



Booster #1: natural policy gradient

Natural Gradient

Natural policy gradient (NPG) method (Kakade, 2002)
Fort=0,1,--
60 = 00 4 n(F) VeV (p)

where 1 is the learning rate and ]—'g is the Fisher information matrix:

]-"g =E {(Vg log mo(als)) (Vg log 7T9(a|8))T] .
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Booster #1: natural policy gradient

Natural Gradient

Natural policy gradient (NPG) method (Kakade, 2002)
Fort=0,1,--
60 = 00 4 n(F) VeV (p)

where 1 is the learning rate and ]—'g is the Fisher information matrix:

]-"g =E {(Vg log mo(als)) (Vg log 7T9(a|8))T] .

In fact, popular heuristic TRPO (Schulman et al., 2015) = NPG + line search.
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Booster #2: entropy regularization

action o T1 T2 3 T4

state s, - a; ~ 7T('|St)
o e - -6 -6 -a-L-a-
i |:> 'y a ), a 'y,
i o o Lo L o
i ao ar as as ay

2 2 i i 2

m(so)  wCls))  w(ls2)  w(lss)  w([sa)

L_

St:+1 ~ P(‘\St‘llr,)

To encourage exploration, promote the stochasticity of the policy
using the “soft” value function (Williams and Peng, 1991):

VseS: Vi(s):=E th(rt +TH(7(-|s¢)) | so = s
t=0

where H is the Shannon entropy, and 7 > 0 is the reg. parameter.
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Booster #2: entropy regularization

action o 1 T2 3 T4

state s, - a; ~ 7T('|St)
o e - -6 -6 -a-L-a-
i |:> 'y a ), a 'y,
i o o Lo L o
i ao ar as as ay

2 2 i i 2

m(so)  wCls))  w(ls2)  w(lss)  w([sa)

L_

St:+1 ~ P(‘\St‘llr,)

To encourage exploration, promote the stochasticity of the policy
using the “soft” value function (Williams and Peng, 1991):

VseS: Vi(s):=E th(rt + 7H (7 (|s1)) | s0 = s]
t=0

where H is the Shannon entropy, and 7 > 0 is the reg. parameter.

maximizeg  V%(p) := Equp [V(5)] J
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Entropy-regularized natural gradient helps!

Toy example: a bandit with 3 arms of rewards 1, 0.9 and 0.1.

Policy Gradient

UOT)RZLIR[NGII 9SBIIIUL

log m(a)

Natural Policy Gradient

:
e

=

-3 -2

log 7(a,)
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Entropy-regularized natural gradient helps!

Toy example: a bandit with 3 arms of rewards 1, 0.9 and 0.1.

Policy Gradient ) Natural Policy Gradient

UOT)RZLIR[NGII 9SBIIIUL

9 1 : 2
log m(ay) log w(a;)

Can we justify the efficacy of entropy-regularized NPG?

15/ 55J




Entropy-regularized NPG in the tabular setting

x® Zio

~

*

Qr” T

1)
Q7

Q"
Entropy-regularized NPG (Tabular setting)

Fort=0,1,---, the policy is updated via

nrt

D (]s) oc 7O (]s) 1T exp(QW(s, ) /) T
—— —_—

current policy soft greedy

where Q(Tt) = Qfm is the soft Q-function of #¥), and 0 < n < I*T"’

e invariant with the choice of p
e Reduces to soft policy iteration (SPI) when = 1=2.

pm
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Linear convergence with exact gradient

Exact oracle: perfect evaluation of Qﬁm given 7(*);

Theorem (Cen, Cheng, Chen, Wei, Chi, OR 2022) |

For any learning rate 0 < n < (1 — )/, the entropy-regularized NPG
updates satisfy

e Linear convergence of soft Q-functions:

1Q7 = Q¥ Voo < Cry (1 = n7)’

for all t > 0, where Q% is the optimal soft Q-function, and

€1 = 1@ = Qe + 27 (1= {7 ) log 72 — logn¥ .
-7
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Linear convergence with exact gradient

Exact oracle: perfect evaluation of Qﬁm given 7(*);

Theorem (Cen, Cheng, Chen, Wei, Chi, OR 2022) |

For any learning rate 0 < n < (1 — )/, the entropy-regularized NPG
updates satisfy

e Linear convergence of soft Q-functions:

1Q7 = Q¥ Voo < Cry (1 = n7)’

for all t > 0, where Q% is the optimal soft Q-function, and

€1 = 1@ = Qe + 27 (1= {7 ) log 72 — logn¥ .
-7

e Robustness: continues to hold under inexact ||@§t) — Q(Tt)HOO.
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Implications

To reach ||Qr — (TtH) 0 < €, the iteration complexity is at most
T Yy

e General learning rates (0 <7 < 1_77)

1 <Cl’7>
nT €

e Soft policy iteration (n = 1‘%)

1 (IIQ?—Q(TO)HOOW)
0g
1—7 €
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Implications

To reach ||Q% — Q(TtH)HOO < ¢, the iteration complexity is at most

e General learning rates (0 < n < 1_77)

1
L og <CW>
777‘ €

e Soft policy iteration (n = 1‘%)

* (0)
o (nQT - Q! ”007)

€

1—7

Global linear convergence of entropy-regularized NPG
at a rate independent of |S|, |A!
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A key lemma: monotonic performance improvement

v (t+1)

1 T
OO () —E 1_
VD () - VO (p) S~%+m[<n —

) KL(w(t+1)(-|s) I 7r(1t>(.|3)>

KL divergence

Ll (2O 1) 1D (s
£ KL () | <|0]

KL divergence
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A key lemma: monotonic performance improvement

v (t+1)

\%4Q

T

1 T

(t+1) _y® — . = (t+1) (. ().
Var i p) = Vil(p) EMWKU . )KL(7T (1) |7 (:]s))

KL divergence

LhL (D (1) 1 2D (s
£ KL () | <|>)]

KL divergence

-7

Implication: monotonic improvement of V;(s) and Q-(s,a). gJ




A key operator: soft Bellman operator

Soft Bellman operator

T-(Q)(s,a) = r(s,a)

immediate reward

+ E max E { Q(s',a') _Tlogﬂ_(a/‘s/)} :
s'~P(|s,a) | T(Is") a’~m(:|s") S—— ——
next state's value entropy
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A key operator: soft Bellman operator

Soft Bellman operator

Tr(Q)(s,a) == r(s,a)

immediate reward

+ E
s~ P([s0) lw(-s’) a/~r( )

next state's value
Soft Bellman equation: @} is unique solution to
T-(QF) = Q7
~-contraction of soft Bellman operator:

[77(Q1) — Tr(Q2)lloo < 7[[Q1 — Q2[00

max [ { Q(s',a") —7‘10g7r(a'|3')”,

entropy

Richard Bellman
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Analysis of soft policy iteration (1 = 1=2)

T

Policy iteration

+(0)

Bellman operator
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Analysis of soft policy iteration (1 = 1=2)

T

Policy iteration Soft policy iteration

20)

Bellman operator Soft Bellman operator
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A key linear system: general learning rates

Q% — Tlog M| 0

where £ o 7(1) is an auxiliary sequence, then

x ) 0 (0)
Let 2, ::[ Q5 — Q7| ]andy:: [HQT rlog¢® ]
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A key linear system: general learning rates

Qs — QY. and g = [HQ&O) _ TIOgg(O)HOO]
Q5 — Tlog €| 0

where £ o 7(1) is an auxiliary sequence, then

Let z; := [

t+1
nT
<A 1-—
Tyl < $t+7< 1_7> Y,

where
4 m[ -]

is a rank-1 matrix with a non-zero eigenvalue 1 —n7
——

contraction rate!
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Policy Optimization for Zero-Sum Markov Games



Policy optimization: saddle-point optimization

Zero-sum two-player Markov game
Given an initial state distribution s ~ p, find policy m such that

i VY (p) i=Ego,[VHY
LCmax | min (p) p[VH (5)]

r-\
g e )
\ .%
\ 1 4
- I
N U
N,
LU y
N, S 4
S SSSg—=% /
& o5q
RIS,
v

Can we design a policy optimization method that guarantees fast
last-iterate convergence? J
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Entropy regularization in MARL

action
state sp, an ~ pnl- | sn)
max-player —
r reward 7, ) Th Thet Th+2 rH
1 tat action
I state Sy bp ~vp(- | sn I
y (| )_ fZL = -?}H—]FI—vchr ISHrl
______ — ; »
reward -7, S R BV -
Y S s Nz LS
2 by bht1 bpio b

I

I

F

— Hn(anlsn)?
Vn(bnsn)

" next state
Sht1 ~ Pr(- | sk, an, br)

Promote the stochasticity of the policy pair using the “soft” value
function (Williams and Peng, 1991; Cen et al., 2020):

H
E Z (re + TH (e (-|50) — TH(ve (+]50)) ‘ s0=s|,

VI (s) 1=
h=1

where H is the Shannon entropy, and 7 > 0 is the reg. parameter.
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Entropy regularization in MARL

state sn ap ~ (- | sn)
max-player —
r reward 7, Th Th1 Th+2
1 action
1 by~ (- | s
n~ vn(- | sn :> sh —L>$h+1 erl
i, ]
I I ‘ | / 1 4
\fli:rl, ‘ah+2 /' i,
by

state sp, )
\{]h //

2 bh bh+1

I

I

F

— Hn(anlsn)?
Vn(bnsn)

" next state
Sht1 ~ Pr(- | sp,an, by)

Promote the stochasticity of the policy pair using the “soft” value
function (Williams and Peng, 1991; Cen et al., 2020):
H

Z (re + TH (e (-|50) — TH(ve (+]50)) ‘ s0=s|,

bz

*
@
=
o
=
S
|
4
=
— —

VHEY(s) =
h=1
where H is the Shannon entropy, and 7 > 0 is the reg. parameter

max min V" (p)

LEA(A)IS] veA(B)IS]
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Quantal response equilibrium (QRE)

Quantal response equilibrium (McKelvey and
Palfrey, 1995) @ @
The quantal response equilibrium (QRE) is the policy o I

C e . ) . .
air vX) that is the unique solution to QUANTAL
p (MT’ T) q RESPONSE

EQUILIBRIUM

max min  VH*¥(p).
peA(A)IS veaB)Isl T ()

o’

e Unlike NE, QRE assumes bounded rationality: action probability
follows the logit function.
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Quantal response equilibrium (QRE)

Quantal response equilibrium (McKelvey and
Palfrey, 1995) ﬁ m
The quantal response equilibrium (QRE) is the policy 2 g

C e . ) . .
air vX) that is the unique solution to QUANTAL
p (MT’ T) q RESPONSE

EQUILIBRIUM

max min  VH*¥(p).
peA(A)IS veaB)Isl T ()

e Unlike NE, QRE assumes bounded rationality: action probability
follows the logit function.

Translating to an e-NE: setting 7 < O (¢/H).
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Soft value iteration

Soft value iteration: for h = H,... 1
Qn(s,a,b) <rp(s,a,b)+

E max min p(s’) T Qpy1(s)v(s") + TH(u(s") — TH(s) |,

s'~Pp(ls,ab) | H Y

Entropy-regularized matrix game

where Qp,(s) = [Qn(s,-,-)] € RAXE.
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Soft value iteration

Soft value iteration: for h = H,... 1

Qn(s,a,b) <rp(s,a,b)+

s'~Pp(ls,ab) | H Y

E max min x(s") " Qi1 (s)v(s") + TH(u(s")) — TH(V(S/))] :

Entropy-regularized matrix game

where Qp,(s) = [Qn(s,-,-)] € RAXE.

Entropy-regularized matrix game

in pu' Av+7H(p) — H
e i Av T (1) —TH(v)

27/ 55



Motivation: an implicit update method

Implicit update (IU) method
Fort=0,1,---,

{u(tJrl) - [M(t)}km exp ([Ay(t+1)]/7_) nm

1) & [l/(t)}lfm- exp (_[ATN(tJrl)]/T)nT
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Motivation: an implicit update method

Implicit update (IU) method
Fort=0,1,---,

{u(tJrl) - [M(t)}km exp ([Ay(t+1)]/7_) nm

(D) oc O oxp (_[ATN(tH)]/T)nT

Theorem (Cen, Wei, Chi, 2021)
Suppose that 0 < n < 1/7, then for all t > 0,

KL(CE1¢W) < (1 = nr)'KL(¢ (1<),

where KL(¢X || ¢®) = KL(px||n®) + KL(v%||v®).

28/ 55



Motivation: an implicit update method

Implicit update (IU) method
Fort=0,1,---,

{u(tJrl) - [M(t)}km exp ([Ay(t+1)]/7_) nm

(D) oc O oxp (_[ATN(tH)]/T)nT

Theorem (Cen, Wei, Chi, 2021)
Suppose that 0 < n < 1/7, then for all t > 0,

KL(CE1¢W) < (1 = nr)'KL(¢ (1<),

where KL(¢X || ¢®) = KL(px||n®) + KL(v%||v®).

Can we make this practical?
28/ 55




Policy extragradient methods: predict and update

Predictive update (PU) method |
Fort=0,1,---,

@ update:

nt

D) o [0 exp ({Aﬂ(t-y-l)]/T)ﬁT
D) o [V(t)]l—nT exp (_[ATﬂ(tH)]/T)
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Policy extragradient methods: predict and update

Predictive update (PU) method
Fort=0,1,---,
@ extrapolate/predict:

{WU oc [0 exp ([Av)/r) "

) o [ O] exp (_[ATM(t)VT)nT

@ update:

nt

1D o [0 exp ([AD(T’H)]/T)"T
D o [V(t)]l—nT exp (_[ATﬂ(tH)]/T)
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Last-iterate convergence

Theorem (Cen, Wei, Chi, JMLR 2024)

Suppose that n < min{27+2\1\AHw’ 4”2”00 } then for all t > 0, the

last-iterate converges to e-QRE within O (n% log %) iterations.

e Entropy-regularized matrix game: To get an e-QRE, the
iteration complexity is at most

o((+14)2)

e Unregularized matrix game: To get an ¢-NE, the iteration
complexity is at most
~/||A
5 (I ||oo> .
€

No need to assume unique Nash equilibrium!
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Soft value iteration via nested-loop OMWU

Soft value iteration: for h =H,... 1
Qr(s,a,b) <rp(s,a,b)+

max min p(s’) T Qpi1(s)v(s") + TH(u(s") — TH(s) |,

s'nPu(lsab) | BV

Entropy-regularized matrix game

where Qh(s) = [Qh(s’ ) )] € RAXB'
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Soft value iteration via nested-loop OMWU

Soft value iteration: for h =H,... 1

Qr(s,a,b) <rp(s,a,b)+

B [maxmmu(s/fczm(s')u(s')+TH<u<s'>>m(u(s'»,
s'~Pyp(+]s,a,b) H v

Entropy-regularized matrix game
where Qh(s) = [Qh(s’ ) )] S RAXB,

Nested-loop approach:

Periodic value update Policy update via
OoOMWU

Qn <+ SVI(Qnr+1)

(?, 1S?) « oMWu(Qs)
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Soft value iteration via nested-loop OMWU

Soft value iteration: for h =H,... 1

Qr(s,a,b) <rp(s,a,b)+

B [maxmmu(s/fczhms')u(s')+TH<u<s'>>m(u(s'»,
s'~Pyp(+]s,a,b) H v

Entropy-regularized matrix game
where Qh(s) = [Qh(s’ ) )] S RAXB,

Nested-loop approach:

Periodic value update Policy update via
OoOMWU

Qn <+ SVI(Qnr+1)

However, not easy to use in online settings...
31/ 55
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A two-timescale single-loop approach?

Soft value iteration: for h =H,... 1
Qn(s,a,b) +rp(s,a,b)+

max min (') T Qna (5 (s') + TH(u(s")) — TH(S)) |

s'~Pyp(+|s,a,b) M v

Entropy-regularized matrix game

where Qr(s) = [Qn(s,-, )] € RAXB,
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A two-timescale single-loop approach?

Soft value iteration: for h =H,... 1

Qn(s,a,b) +rp(s,a,b)+

. E [maxmmu(s’)TQhH(s')u(s')+TH<u<s'>>—Twu(s'))],
s'~Py(+|s,a,b) " v

Entropy-regularized matrix game
where Qp,(s) = [Qn(s, -, -)] € RA*B,

Single-loop, two-timescale approach:

A D

—————————— : ) A

o Smooth value update Policy update via (lgf\
OMWU &%

QU « (1 - a)Q® + « - lookahead (pOD D) omwu(Q®)
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Main result: episodic setting

Theorem (Cen, Chi, Du, Xiao, ICLR 2022)

The last-iterate of the two-timescale single-loop algorithm finds an
e-QRE in
~(H* 1
0] < log )
T €

. . . ~ (H3\ . . .
iterations, corresponding to O (%) iterations for finding an e-NE.

e First last-iterate convergence result for the episodic setting.

e Almost dimension-free: independent of the size of the
state-action space.

e For the infinite horizon ~-discounted setting, the complexity
reads O (( i log = )
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A crumb of RLHF



Language models as policies

Prompt: Explain reinforcement learning (RL).

! Answer: Reinforcement learning (RL) is a type of

machine learning where an...

apple
k? image
Transformer/RN Nx agent

Given prompt x € X, a language model generates an answer:
y o~ 7(-|z)

——
parameterized by LLM
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Language models as policies

--------------------------------------------------------------------------

Prompt: Explain reinforcement learning (RL).

! Answer: Reinforcement learning (RL) is a type of

machine learning where an agent

/> learns
k? sleeps
Transformer/RNN eats

Given prompt x € X, a language model generates an answer:

y o~ m(-|x)
——
parameterized by LLM
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RL with human feedback (RLHF)

............................

Switzerland e @‘

! Who has —_— /
etter chesser \ REEETTETEELL UL PP PPPPPPEEEN s
.................. :  United States L

............................

Goal: finetune the LLM to align with human preference J

36/ 55



RL with human feedback (RLHF)

............................

Switzerland e @‘

! Who has —_— /
etter chesser \ REEETTETEELL UL PP PPPPPPEEEN s
.................. :  United States L

............................

Goal: finetune the LLM to align with human preference J

Prototypical pipeline:
e Reward learning: learn a reward model from preference data;

e Policy optimization: optimize the LLM to maximize the reward.
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RLHF: reward learning

Bradly-Terry model
The probability of pairwise comparison i >~ j is modeled by

exp(ry)

P(i - j) = exp(ry) + exp(r;)

= 0'(7’< - T‘)?

where r; € R is the score associated with item 1.
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RLHF: reward learning

Bradly-Terry model
The probability of pairwise comparison i >~ j is modeled by

exp(ry)

P(i - j) = exp(ry) + exp(r;)

= 0'(7" - 7’4),

where r; € R is the score associated with item 1.

e Reward model: »* : X x ) — R, evaluating the quality of a
prompt-answer pair (x,y) that aligns with human preference;
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RLHF: reward learning

Bradly-Terry model
The probability of pairwise comparison i >~ j is modeled by

exp(ry)
exp(ry) + exp(r})

= 0'(7’* - 73%)7

PG>~ j) =

where r; € R is the score associated with item 1.

e Reward model: »* : X x ) — R, evaluating the quality of a
prompt-answer pair (x,y) that aligns with human preference;
e Reward learning: Given comparison data D = {(z%, v’ ,y" )} |,
the MLE of the reward function is given by
rmLe = argmin, £(r, D),

where ((r,D) = -N log o(r(z,yy) —r(z',yl)).
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RLHF: policy optimization

Policy optimization via reward maximization

Find 7 that (approximately) maximizes the objective w.r.t. r

TP,
y~m(fz)

Jnm)=E @yl -8 E [KLr(|o)me( )]

e 3> 0: KL regularization parameter;
e T a reference policy, typically the model after SFT;

e p e A(X): prompt distribution.
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Direct Preference Optimization (DPQO)

— (Rafailov et al., 2023)

1. Reward learning: 7 < argmin,{(r, D)

2. Policy learning: 7 <— argmax,J (7, 7)
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Direct Preference Optimization (DPQO)

— (Rafailov et al., 2023)

Observation: the optimal 7 w.r.t. » admits a closed-form solution

et (y|2) exp(r(z,y)/5)

. = argmax, J(r, ) <= m(ylr) = 70 2)
T, T
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Direct Preference Optimization (DPQO)

— (Rafailov et al., 2023)

Observation: the optimal 7 w.r.t. » admits a closed-form solution

et (y|2) exp(r(z,y)/5)

m = argmax J(r,m) < m.(y|lx) = Z(r,z)
r,x

e The reward function r in terms of its optimal 7, is
r(z,y) = B(log 7, (y|z) — log met(y|z) + log Z(r, x)) .
=ur(m)
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Direct Preference Optimization (DPQO)

— (Rafailov et al., 2023)

e The reward function r in terms of its optimal 7, is

r(z,y) = B(log 7, (y|z) — log met(y|z) + log Z(r, x)) .
=ur(m)

e The two-step procedure is equivalent to

7 < argmin_{(r(m), D)

N i )i i i
— —Zloga (/310g7r(y+‘$)_510gw> )

=1 Tref (Z/EFW) 7Tref(yi—"%'i)

Single-step and policy-only! Very popular in practice.
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Online RLHF

Leverage online data collection to improve data coverage - how do
we perform exploration in the policy space directly?

Sample new data (z,y1,y2) Comparison Oracle

t+1
from 71'( ) (maylay2) — (‘T7y+ay—)

Update comparison data

Policy Update DY = DU {(z, y4,y-)}

7+ argmax, J (r(t>,7r>

\/ Reward Update
tet+1 1) ~ argmin, ¢ (7‘, D(Hl))
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Exploration via optimistic MLE

Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J*(r) = max, J(r,7) by

P+ argmin, {£(r, DY) —aJ*(r)}.
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Exploration via optimistic MLE

Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J*(r) = max, J(r,7) by

P+ argmin, {£(r, DY) —aJ*(r)}.

e Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + ¢ - 1, while

J(r+c-1)=J(r)+c
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Exploration via optimistic MLE

Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J*(r) = max, J(r,7) by

Pt argmin,.c {¢(r, D(t))—aJ*(r)}.

e Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + ¢ - 1, while

J(r+c-1)=J(r)+c

e We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R = {7’ : E [r(z,y)] = O}.

w'\/pvy'\/ﬂ'cal('lz)
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Exploration via optimistic MLE

Optimistic MLE: Bias the estimate towards the models with higher
optimal objective J*(r) = max, J(r,7) by

Pt argmin,.c {¢(r, D(t))—aJ*(r)}.

e Small caveat: the update is not well-defined, since the BT model
cannot distinguish between r and r + ¢ - 1, while

J(r+c-1)=J(r)+c

e We can resolve the shift ambiguity by focusing on the following
equivalent class of reward functions:

R = {7’ : E [r(z,y)] = O}.

w'\/pvy'\/ﬂ'cal('lz)

Can we avoid solving a bilevel optimization problem? J
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Exploiting the structure of J(r, )

e The optimal policy admits the following closed-form solution:

Wref(y‘x) eXp( )/5
Z(r,x)

7, = argmax_J(r,w) < m.(ylx) =
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Exploiting the structure of J(r, )

e The optimal policy admits the following closed-form solution:

Wref(y‘x) eXp( )/5 ‘

7, = argmax_J(r,w) < m.(ylx) =

Z(r,x)

e We can write the J*(r) as
JH(r)= E r(z,y) — Blog Trlple)
a~py (o) Tref (y])

= E  [logZ(r )]
arpy~r(-|a)
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Exploiting the structure of J(r, )

e The optimal policy admits the following closed-form solution:

Tret (y]7) exp(r(z, y)/B)

7 = argmax, J(r, ) <= m(y|r) =

Z(r,x)

e We can write the J*(r) as
J*(T) — E r(x,y) _ Blog M
Ty~ (-|T) 7Tref(y|x)

= E = [logZ(r,z)]
wropy~r(-|a)

= E [log Z(r, z)]

prvyNﬂ—cal('lx)
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Exploiting the structure of J(r, )

e The optimal policy admits the following closed-form solution:

ﬂ'ref(y‘x) exp(r(x, y)//B)
Z(r,x) '

7 = argmax_J(r,w) < m.(ylx) =

e We can write the J*(r) as

P = B rtew) - s U0

xrp Yy~ (+|T) Wref(y|x)
— B llogZ(na)

z~py~r(-|z)
= E  [logZ(r,z)]

prvyNWcal(‘|x)

— E o [r(x,y) — Blog

TNPY~Teal (0

mr (y|2) }

Tref (Y] )
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Exploiting the structure of J(r, )

e The optimal policy admits the following closed-form solution:

ﬂ'ref(y‘x) exp(r(x, y)//B)
Z(r,x) '

7 = argmax_J(r,w) < m.(ylx) =

e We can write the J*(r) as
« ™ (y|z)
J*(r) = E { B log ]
) e U5 7 P8 )
—  E [logZ(ra)]

z~py~r(-|z)

= E [log Z(r, )]

prvyNWcal(‘|x)

_ E [M Blog m(yw)}

oropyy~Tical ()2) 8 Teet (U])
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Value-incentivized preference optimization (VPO)

7Y argmin_{¢(r(x), D) — aJ*(r(x))}.

e The negative log-likelihood term reformulates into DPO loss:

((r(r), DY)
- _ > logcr<5(log _mlyrle) — log ﬂ(y_m))).

(24 y-)eDO) et (y+7) Tret (Y |2

e The reward bias term can be written as:
J*(r(m)) = —p E [log 7(y|x) — log mre (y]2)]
mNp’yNWcal("w)
which is essentially becomes a reverse-KL regularization that
maximizes KL7eq (+|z)7(+|2).
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Main results - online VPO

Theorem (Cen et al., ICLR 2025)

Assume that reward estimates |||, < B and ||r*||«c < B for some
B > 0. With high probability we have

T
ST = I, 7)) < O(VT).

t=1

e We can obtain similar regret bounds under general function
approximation of the reward model.

e Consistent with the O(v/T) regret for online RL with UCB bonus.

e Offline RL: flipping the sign of « leads to a pessimistic algorithm.
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Concluding Remarks



Concluding remarks

U\ state . FIRsT-ORDER METHODS
i\ agent action IN OPTIMIZATION
Reinforcement |\ Dynamic Programming r |
Learning 1y and Optimal Control H
i |
L reward Amir Beck
-—¢—— environment [¢ —

<
:next state

Understanding non-asymptotic performances of RL algorithms is a
fruitful playground! J

Promising directions:

e function approximation e hybrid RL
e multi-agent/federated RL e many more...
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Beyond the tabular setting

Policy network Value network

p,, @ls) v, 8)

*

l‘s‘ <«

(J ]
[ ] ®
L ] ]
‘ s , s’
e function approximation for dimensionality reduction

Figure credit: (Silver et al., 2016)
e Provably efficient RL algorithms under minimal assumptions
(Osband and Van Roy, 2014; Dai et al., 2018; Du et al., 2019; Jin et al., 2020)
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Multi-agent RL

e Competitive setting: finding Nash equilibria for Markov games

e Collaborative setting: multiple agents jointly optimize the
policy to maximize the total reward

(Zhang, Yang, and Basar, 2021; Cen, Wei, and Chi, 2021)
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Hybrid RL

fg"\ Online RL

e interact with environment

this is done
many time:

N

e actively collect new data

train for
2 g many epoch:
big dataset from
past interactions i

deploy learned policy in new scenarios

Offline/Batch RL

e no interaction

e data is given

Can we achieve the best of both worlds?
(Wagenmaker and Pacchiano, 2022; Song et al., 2022; Li et al., 2023) 49/ 55



RL meets federated learning

Federated reinforcement learning enables multiple agents to

collaboratively learn a global model without sharing datasets.

Central server

:xi?l: :ﬁ & :@:

Agent 1 Agent2 7 Agentk " Agentk

Can we achieve linear speedup via federated learning?
(Khodadadian et al., 2022; Woo et al., 2023)
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