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Tutorial Roadmap: Three Sessions

Session 1: Foundations

What and why bilevel; Stackelberg games; a gallery of ML applications; the implicit gradient
(hypergradient) and the implicit function theorem.

Session 2: Theory & Algorithms

Reformulations (KKT, value-function, penalty) and the three hypergradient approaches;
deterministic, stochastic, and first-order algorithms; a frontier beyond strong convexity.

Session 3: Applications

Classical ML (meta-learning, adversarial training, pruning, dataset selection, IRM); foundation
models (RLHF /alignment, inverse RL); frontiers.
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Session 1: Foundations & Theory

Session 1: Outline

@ Define & situate. What is bilevel optimization (leader—follower)? Its Stackelberg origin
and history.

@ Motivate. Bilevel is everywhere in ML: motivating applications with results, and a gallery
of formulations (HPO, meta-learning, NAS, data reweighting, IRM).

© Compute. A toy bilevel (by hand and in PyTorch); min—max / hierarchy and optimality as
special cases; the implicit gradient (hypergradient) via the implicit function theorem.

Roadmap
Three beats: define — motivate — compute the implicit gradient. ~(Session 2: theory & algorithms.)
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e oele e
What is Bilevel Optimization?

A bilevel program nests one optimization inside another:

min  f(x,y) s.t. y€argmin g(x, YY), xelU.
XY N yeC
upper level
lower level

Upper level: the variable x (leader’s decision) and objective f.
Lower level: the variable y (follower's response) and objective g.
Benefit: models a decision hierarchy across two coupled objectives.

Difficulty: the coupling through y*(x) makes optimization hard.
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e oele e
Stackelberg Games: The Origin of Bilevel

Bilevel is rooted in a Stackelberg game [von Stackelberg,
1934, 1952]: a sequential game with commitment:

Leader (upper level) moves first and commits to x.

Follower (lower level) observes x, then best-responds
y*(x) € argmin, g(x, y).

The leader optimizes anticipating the reaction, i.e.,
through the follower's response curve y*(-).

Origin: von Stackelberg's 1934 duopoly, a market
leader that commits before rivals.

Unlike Nash (simultaneous play), order and
commitment matter: a first-mover structure.

Not a single shared objective (Obj 1 # Obj 2); the
bilevel solution is the Stackelberg equilibrium.

Leader commits, follower reacts; leader

optimizes through y*(-).
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1934 / 1952: H. von Stackelberg formalizes the
leader—follower game in economics [von Stackelberg,

1934, 1952].

1973: Bracken & McGill give the modern
optimization form, “programs with optimization
problems in the constraints,” for military resource
allocation [Bracken and McGill, 1973].

1977: the terms “bilevel” /| “multilevel” programming
are coined in a World Bank report [Candler and
Norton, 1977].

1980s —: transportation, economics, power systems,
signal processing, and now machine learning.

Big picture

Session 1: Foundations & Theory What is Bilevel Optimization?

Bilevel: A Problem with a Long History

WORLD BANK

Bank Staff Working Paper No. 258
May 1977
MULTI-LEVEL PROGRAMMING AND DEVELOPMENT POLICY

Host economic policy problems can be decomposed into tuo related

the the economy's reactions
to policy changes, e e policy problem proper, of choosing among the al-
ternative possible outcones. Traditionally, optimization models address one
subproblem or the other, but not both. This paper presents a new algorithm
which enables the simultaneous treatment of both subproblems; it is a modifi-
cation of the simplex algorithm which permits the simultaneous operation of
two distinct objective functions.

For llustrative purposss, the procedure ip applied to a model of
Mexican reveal: a) the tra-
ditional xechnolcglul (, production possibilitics) frontiee may e quite irrel-
evant to the policy problem, for it ignores decentralized preferences; and
b) even without precise knowledge of the weights in the "policy objective
function,” it is possible to use multi-level programming to significantly
clarify the nature of th: available policy choices.

Prepared by:
Wilfred Candler, Agriculture Canada
d

an
Roger Norton, Development Research Center

Nested multilevel structure.
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Why Bilevel? Motivating Applications with Results
Checkpoint: We Have Defined Bilevel. Now, Why Care?

v" What we’ve covered

@ Bilevel = a leader—follower (Stackelberg) program: the upper level optimizes through the
follower's response y*(x).

@ Its game-theoretic origin & history: Stackelberg (1934) — Bracken—McGill (1973) —
today.

= Coming up next

@ Why bilevel is everywhere in ML: motivating applications shown with results.

o A gallery of formulations: HPO, meta-learning, NAS, data reweighting, IRM.

7/143



Why Bilevel? Motivating Applications with Results
Why Should We Care? Bilevel Is Already Everywhere

Recent Al/ML papers built directly on a bilevel formulation:

o Fast adversarial training ncme22] - @ Probabilistic coreset selection [ICML22]
@ Advancing model pruning [NeurlPS'22] o Clean-label data poisoning [NeurlPS'20]
@ DARTS: architecture search [ICLR'19] @ What is missing in IRM [ICLR'23]
e Meta-learning w/ implicit grad. [NeurlPS'19] @ RLHF / alignment of LLMs  [NeurlPS'22+]

Survey: [Zhang et al., 2024] (arXiv:2308.00788) | classical: [Colson et al., 2007].
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Why Bilevel? Motivating Applications with Results
Motivating App 1: Adversarial Training (Robust Al)

@ A tiny perturbation flips “ostrich” —

Example
“unicycle.” g?
Y Min £y V7 @ Ostrich
. ' . . . — / 5 (" (truth)
e Min—-max defense (Madry'17): trainer vs. ~_. a ]
o A ) -
adversary share one loss /i, S Trainer o { Uneyte @
Adversarial Max'Z
. perturbations Max 7'
min max £y(6,0). :
0 |lo|I<e 1 4@4—
- Adversary
@ Limitation: trainer and attacker forced to Adversarial example + min—max view of AT.

use the same objective.
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Session 1: Foundations & Theory Why Bilevel? Motivating Applications with Results

Adversarial Training: Min—Max — Bilevel

Bilevel view [Zhang et al., 2022b]: let the attacker have its own objective /4y,
main Ex[ler(6,6%(0))] st 6%(0) =arg rgﬂg Lok (0, 0).
€

e A minor modeling change (MMO — BLO) significantly changes the optimization
foundations.

@ Min—max is the special case lx = —Vyr.

e Enables attack-agnostic, scalable robust training (Fast-BAT, Session 2).
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Why Bilevel? Motivating Applications with Results
Motivating App 2: Model Pruning (Efficient Al)

10° nism Dense Model
Prune weights but keep accuracy. Bilevel formulation __ IMP
[Zhang et al., 2022a]: é —e— OMP
= —e— BiP-AO
min Lorune (M © 0%(m)) 2 —e— BiP-GU
m g —e— BiP-IF
s.t. 6%(m) =argminfly,(m® 0) + %||6’H2 §
0 2
= 10

@ Upper: pruning mask m. Lower: mask-fixed
retraining 20 40 60 80 100
@ SOTA before: iterative magnitude pruning Pruning Ratio (%)

(IMP)' accurate but COStly (re_tram T t|mes). IMP cost explodes with sparsity; bilevel pruning (BiP)

is sparsity-agnostic.
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REESIIN RN S EVIER AR N E Al \Why Bilevel? Motivating Applications with Results

Initial Result: Bilevel Pruning (BiP) Engages

955 78.0

@ BiP-IF matches/beats the
best “winning ticket”
across sparsities.

-
~
n

-
=
<)

@ Accounting for the

Test Accuracy (%)
Test Accuracy (%)
~1
(=2}

wn

. . .. . 76.0 ¥ g\ﬁ;‘
coupling (implicit gradient) T b0
BiP-GU
matters: BIP—IF/GU > 5.5 i
e~ A~ === Best Wiing lickey L = Best Winning Ticket| \
BiP-AO. o 20 40 e s 100 % 20 40 e 50 100
. Pruning Ratio (%) Pruning Ratio (%)
@ And it stays cheap
(previous slide). (a) CIFAR-10 (b) CIFAR-100
CIFAR-10 CIFAR-100
Takeaway

Takeaway: a clean bilevel formulation + implicit gradient = better and faster.
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Why Bilevel? Motivating Applications with Results
A Holistic View of Bilevel in Al/ML

Robust / Generalizable Al Efficient Al
@ Adversarial training, attack generation @ Model pruning, dataset condensation
@ Invariant risk minimization (IRM) o Coreset / data selection
Automated Al Meta / Data
@ Hyperparameter optimization e Model-agnostic meta-learning (MAML)
o Neural architecture search (DARTS) e Data poisoning, reweighting

One template, four “frontiers” of trustworthy/efficient Al
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A Gallery of ML Formulations
Example Gallery I: HPO, Meta-Learning, NAS

Hyperparameter optimization [Franceschi et al., 2018]

min £V3|(V|/K()\)) s.t. W(A) = arg minW,Ct,(W, )\) (val picks A, train fits w)

Meta-learning / MAML [Finn et al., 2017]
min, > L¥(yi(x)) s.t. yi(x) = argmin, L7(y, ) (shared init x)

Neural architecture search / DARTS [Liu et al., 2019]
ming Lyal(a, w*(a)) s.t. w*(a) = argminy, L (o, w) (architecture )

Common shape

All share one shape: validation chooses structure, training fits weights.
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QG N Rl
Application 1: Hyperparameter Optimization (HPO)

Hyperparameters A (regularizers, learning rate, data

weights) are judged on validation data; the weights l. N hﬁ i“

w are fit on training data: 3 S
o ) ) o oO o © o
. « * . o o =] (<} ° o 1]
min Loa(w () st. w () =argmin Lg(w,\). L. Lo ° °, N
w © o
° o 0o
° ° o o ° ° %o
. . . o o )
e Grid/random search scales exponentially in #X: °e o e ° ol o
hopeless beyond a few knobs. 6rid Search Random Search

@ Bilevel view: treat A as an Uppe"-|eVe| variable Validation loss over the hyperparameter landscape.
and follow the hypergradient VL, ).
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A Gallery of ML Formulations
HPO: From a Few Knobs to Millions

@ The hypergradient
v)\Eval = - Viwﬁtr [vevw»ctr]_lvwﬁval is

Regularization weights, learning rate, exactly the implicit gradient, computed by
momentum: classical tuning; search still unrolling or IFT (Session 2).

(barely) works.

Few hyperparameters

@ Gradient-based HPO scales where search
cannot: data reweighting/cleaning,
learned augmentation, per-parameter
regularization.

Many hyperparameters [Maclaurin et al., 2015,
Franceschi et al., 2018]

One weight per training example (reliability),
per-layer ¢>, augmentation strengths: millions
of A.

Why bilevel

Why bilevel: turns intractable search into a differentiable optimization.
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Session 1: Foundations & Theory A Gallery of ML Formulations

Application 2: Meta-Learning (MAML)

Learning to learn: adapt to a new task from only a
few examples (few-shot).

e MAML [Finn et al., 2017] learns a shared
initialization x from which a few gradient steps
solve any new task.

@ Bilevel formulation over tasks 7:

min Zﬁf"(yi(x)) s.t. yi(x) = argmin LY(y, x).
X y

e Upper: the initialization (shared
meta-knowledge).  Lower: per-task
fine-tuning from x.

One initialization x; a few gradient steps adapt it to
each task’s solution y*(x). Meta-learning tunes x so

every adaptation succeeds.
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A Galley of ML Formulations
Meta-Learning: Why Bilevel

@ The initialization x is judged by its
post-adaptation validation loss, so the
hypergradient must flow through the FO-MAML, full unrolling (MAML), sign-based
fine-tuning steps y*(x). (Sign-MAML), and implicit function (iMAML)

all solve the same bilevel problem.

Solvers are a choice (Session 2)

@ This is exactly the implicit gradient dy} /dx: it
measures how the initialization x shapes each Uses: few-shot vision, fast adaptation,
task’'s solution. personalization, robotics.

Big picture
Same template: the tasks play the role of “data.”
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A Gallery of ML Formuations
Application 3: Neural Architecture Search (NAS)

Automate network design (which operations, layers,
and connections) instead of hand-crafting it [Liu et al.,

2019].
e Upper: choose an architecture « (judged on conv
validation). m
@ Lower: train weights w for that architecture (on ‘.e
training data).

min Lya(w*(a)) st w'(a) =argmin Ly(w,a). poc!

Candidate operations on one edge of a cell.

o Difficulty: the architecture space is discrete and
astronomically large: naive search costs thousands
of GPU-days.
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A Galery of ML Formulations
DARTS: Differentiable Architecture Search [Liu et al., 2019]

Key idea: relax the discrete architecture choice into a continuous mixture, so the architecture

parameters o become differentiable. Each edge of a cell mixes candidate operations by a
softmax:

(i)
6(”J)(X) — Z exp(ao ) _ O(X).
(i)
ocO Zo’e(’) exp(ao, )
With continuous «, architecture search becomes a smooth bilevel problem:

min Ly (w'(a)) st w'(a) =argmin Ly(w,a).

e Upper: architecture weights « (validation).  Lower: network weights w (training).

@ The hypergradient VL, comes from one-step unrolling (Session 2); after search,
discretize by keeping the strongest operation arg max, a.

@ Payoff: architecture search from thousands of GPU-days to a few.
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SEESTNINE ST ER AN NIl A Gallery of ML Formulations

Application 4: Learning to Reweight Data

Real training sets are noisy: mislabeled, corrupted,
imbalanced, even poisoned. Plain ERM trusts every
sample equally.
o Give each example i a weight A\; > 0; a small
trusted validation set decides which samples to
trust.

o Bilevel formulation [Ren et al., 2018]:
min Lyal (W' (X)) st w(A) = arg min Z)\;Ei(w).

o Lower: fit the model on weighted data.
Upper: choose weights that generalize.

o
o
o
IS

label = 2

B
—

label = 3

=
=
=
S

label = 7
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~
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o

o

o

o

[y o

o o
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[}
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label = 1

label = 5

label = 2

label = 3

label = 8

label = 1

~
=

label = 1

label = 6

label = 2

label = 9

label = 4

x

label = 1

label = 9

o

Red labels are wrong. Reweighting learns to

down-weight the corrupted examples, without being

told which they are.
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A T
Data Reweighting: One Template, Many Tasks

@ The validation set supervises the weights:

the implicit gradient V, L, tells us
whether up-weighting example i helps or
hurts generalization.

e Down-weight noisy/poisoned; up-weight
informative, hard examples.
@ One template, many names:

o coreset / data selection (\; € {0,1},
keep k),

e dataset distillation & condensation,

o (adversarially) data poisoning.

Validation Loss

09
-+ F25A-50
' <~ F25A-500
08 MemsenssgsvEaTEEwS e
—— S0BD-50
—— S0BO-500
07 Ju === Without BO
@ 06
ge
0s
04
031 ; ; ; ; ;
] 1000 2000 3000 4000 5000
Iterations

30% corrupted labels: bilevel reweighting F2SA/SOBg)/)143



A Galery of ML Formulations
Application 5: Invariant Risk Minimization (IRM)

The problem: models exploit spurious correlations that do not transfer.

@ Colored-MNIST: in training, color happens to
predict the digit; at test time the color—label
link flips.

@ Plain ERM latches onto color (easy but
spurious) and fails at test.

@ Data arrive in several environments
e=1,..., E, each with a different spurious
correlation.

@ Goal: a representation that is invariant across
environments, forced to use the causal feature
(shape), not color.

In training, color tracks the label; at test the colors are

swapped. A color-reliant (ERM) model breaks; a

shape-reliant model survives.
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A T
IRM: The Invariance Principle and IRMv1

Invariance principle [Arjovsky et al., 2019]

Learn a representation 6 so that one predictor ¢ is simultaneously optimal in every
environment. Then ¢ o 6 can only rely on features that are stable across environments (the
causal ones).

First attempt: IRMv1 [Arjovsky et al., 2019]. Enforce the principle with a gradient-norm
penalty, using a fixed scalar “dummy” classifier w = 1.0 on top of 6:

2
)

E
min ZlRe(e) + M|Vujuerio Re(w- 0)]

where R, is the risk in environment ¢; the penalty asks w = 1.0 to be optimal in every
environment at once.
e Limitation: this single-level penalty is only a loose surrogate, and can fail in
multi-environment training [Zhang et al., 2024].
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Session 1: Foundations & Theory A Gallery of ML Formulations

IRM as a Consensus-Constrained Bilevel

Bilevel reformulation [Zhang et al., 2024]: give each environment its own predictor ¢;, tied by
a consensus constraint ¢; = -+ = ¢g:

E

main ;Ei(gb?‘o 0) st. {¢j(0)}=arg _mIE b ZZ ¢io0).

@ Upper: the shared representation #.  Lower: per-environment predictors forced to a
consensus.
o Why bilevel: it splits a non-separable problem into per-environment fits plus a consensus

that enforces invariance.
@ Avoids IRMv1's loose penalty; solved by gradient unrolling (Session 2).
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Session 1: Foundations & Theory A Gallery of ML Formulations

IRM: Bilevel Closes the Gap

@ ERM: high accuracy gap across
environments: it is not invariant.

@ All IRM variants beat ERM;
IRM-BLO (consensus-constrained
bilevel) is best on both metrics.

@ Turns a non-separable problem
into decomposable

per-environment fits 4+ consensus.

Method BLO Colored-MNIST Colored-FashionMNIST
(Solver) Avg. Acc. Acc. Gap Avg. Acc. Ace. Gap
ERM N/A 49.19+1.89  90.724+2.08 | 49.77+1.71  88.62+2.49
IRM-v1 N/A 68.33+0.31  2.04+0.05 | 68.76+0.31 1.454+0.09
IRM-Game N/A 67.734+0.24 1.67+0.14 | 67.49+0.32  1.824+0.13
IRM-BLO | GU | 69.47+0.24  1.04+0.07 | 69.43+£0.21  1.1440.11

Colored-MNIST / Colored-FashionMNIST: avg. acc. (higher better) &

acc. gap (lower better).
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ST AT Sy R
Stackelberg Application: Security Games

A defender commits to a (randomized) patrol; an attacker observes it and strikes the
least-protected target.

max Ud(x,a*(x)) s.t. a*(x) €arg max Ua(x, a).

@ Upper (leader): the defender's coverage x over targets.
o Lower (follower): the attacker's best response a*(x) to that coverage.

@ Real deployments: airport patrols (ARMOR, LAX), federal air marshals, coast-guard
patrols, and anti-poaching (PAWS).

Why bilevel

Commit first, then anticipate the attacker’s response: exactly the leader—follower structure.
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Stackelberg Applications: Security & Pricing
Stackelberg Application: Pricing & Toll Setting

A leader sets prices or tolls; many self-interested users then settle into an equilibrium in
response.

max R(r,f (7)) st. f(7) = user equilibrium under tolls 7.
TZ

o Upper (leader): tolls / prices 7, set to maximize revenue or reduce congestion.
o Lower (followers): users’ selfish routing or consumption (a Wardrop / Nash equilibrium).
@ Uses: congestion pricing, electricity and cloud pricing, revenue management.

Why bilevel

The leader optimizes over an equilibrium of many followers, a classic bilevel (MPEC) problem.

28143



W I e G
Checkpoint: Motivated. Now Make It Concrete

v" What we’ve covered

@ Bilevel is pervasive: robust, efficient, automated, and generalizable Al.

o Five ML formulations, one template: the upper level shapes the lower-level problem.

= Coming up next
@ A toy bilevel solved by hand and in PyTorch.

@ Special cases (min—max, hierarchy) and optimality concepts.

@ The three pillars and the implicit gradient (hypergradient) via the implicit function
theorem.
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Working Example: A Toy Blevel Problem
Working Example: A Toy Bilevel We Can Solve by Hand

min F(x) = fix ' (x),  fxy) = 3(x= 3+ 3(y— 1%

y'(x) =argmin g(xy),  glxy) =3(r—x"

o Lower level: Vyg=y—x=0= y*(x) = x (closed form here, rarely so in practice).
o Substitute: F(x) = 3(x—3)%+ 3(x—1)2, s0o VFA(x) = (x—3) + (x— 1) = 2x — 4.

@ Optimum: x* =2, y* = 2. Naive alternating min would instead drive y — x then x — 3,

converging to the wrong point x = 3 if it ignores 52'

Punchline

This % = 1 term is exactly the implicit gradient we develop next.
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SEES N R ST EVIER AR N STl \Working Example: A Toy Bilevel Problem

Working Example: The Same Problem in PyTorch

» Working example: differentiate through the (solved) lower level via autograd.
import torch
x = torch.tensor(3.0, requires_grad=True) # upper-level variable

def lower_solution(x): # y*(z) = argmin_y 0.5%(y-z) 2
y = x.detach() .clone() .requires_grad_(True)
for _ in range(200): # solve LL by gradient descent
g = 0.5%(y - x)*%x2
gy, = torch.autograd.grad(g, y, create_graph=True)
y =y - 0.5%gy # keep graph -> y* depends on x
return y

for _ in range(100): # upper-level gradient descent
y_star = lower_solution(x)
F = 0.5%(x-3)**2 + 0.5x(y_star-1)**2 # upper objective f(z, y*(x))

(gx,) = torch.autograd.grad(F, x) # hypergradient dF/dz (incl. dy*/dz)
with torch.no_grad(): x -= 0.3*gx

print(x.item()) # -> 2.0 (correct bilevel optimum)

Intuition
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Session 1: Foundations & Theory Min-Max, Hierarchy, and Optimality Concepts

Min—Max and Hierarchical Optimization as Special Cases

Min—max = bilevel with adversarial lower level
minmax flx,y) = min fix,y*(x)), y*(x) € argmin{—Af(x,y)}.
X y X y
A shared, fully opposed objective; bilevel allows the levels to differ.

Multi-level / hierarchical

Nest more than two levels (leader — middle — follower); RL actor—critic and hierarchical
planning are instances.

Key point

Bilevel is the strictly more expressive model: decoupled upper/lower goals.
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Session 1: Foundations & Theory Min-Max, Hierarchy, and Optimality Concepts

Optimality Concepts: The Optimistic Case

When the lower solution set S(x) = argmin, g(x, y) is not a singleton, which y*(x) does the
leader assume?

Optimistic (cooperative)

min  min f(x,y)
X yeS(x)
Ties among lower-level optima are broken for the leader.

@ When: we control the follower, so it can return the optimum most favorable to us

e Examples: hyperparameter optimization and meta-learning (the inner solver is ours); a
cooperative operator who can steer which equilibrium is reached.
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S BT ) 7 G5
Optimality Concepts: The Pessimistic Case

Pessimistic (adversarial)

min max f{x,
i yes(x)f( y)

Ties among lower-level optima are broken against the leader.

@ When: we need worst-case guarantees; the follower may respond adversarially.

e Examples: security games (the attacker picks the worst response for the defender),
adversarial training, and network interdiction.

Good news

Most ML assumes a unique y*(x) (lower-level strong convexity), so the two cases coincide. Existence
and continuity of y*(-) is well-posedness.
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VLA G
The Simplest Bilevel Problem

*

min fx,y"(x)),  y'(x) = argmin g(xy),

with fstrongly convex in x and g strongly convex in y (no constraints).
e Tempting: alternating minimization (fix x, solve y; fix y, solve x).

@ But the upper level must account for how y* moves with x: as the toy example showed,
ignoring it gives the wrong answer.

Key point

The correction term is the implicit gradient.
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U
The Implicit Gradient (Hypergradient): A Fingerprint

Let F(x) := f(x, y¥*(x)). By the chain rule,

VF(x) = Viflx, y) + [Vy*(¥)] V,Ax ),

the implicit gradient (IG) carrying signal from the lower level back to the upper level.
@ The IG is the fingerprint of every bilevel algorithm.
o Need Vy*(x), but y*(x) generally has no closed form.
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SESIIN B STICEIN R AR NIl The Implicit Gradient

The Implicit Function Theorem

How can we differentiate y*(x) when we cannot even write it down?

Implicit function theorem (general form)

Let ®(x,y) = 0 with ® continuously differentiable, and suppose the y-Jacobian 0,9 is
invertible at a solution (xp, ¥o). Then near xp the equation defines y as a unique, differentiable

function y(x), with
9 -1
F=—10,0] 0.

@ Intuition: if the equation is non-degenerate in y (invertible y-Jacobian), its solution set is
locally a smooth graph y = y(x): we can solve for y, and it moves smoothly as x varies.

@ No closed form for y(x) is needed; the theorem still hands us its derivative.
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Session 1: Foundations & Theory The Implicit Gradient

Deriving Vy*(x) via the Implicit Function Theorem

Apply the theorem to the lower-level stationarity condition ®(x,y) := V,g(x,y) = 0. Its

y-Jacobian is the Hessian Vf,yg, which is invertible by lower-level strong convexity, so y*(x) is
differentiable. Differentiating V,g(x, y*(x)) = 0 in x:

V2t V2eVy () =0 = Vy(x)=-[Vig 'Vig

Hence the hypergradient

VF(x) = Vif — V2,8 [V2,8] V1|

Bottom line

The boxed inverse-Hessian—vector product is the computational crux.
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The Implict Gradient
Hypergradient Theorem (Clean Statement & Proof)

Theorem (Implicit gradient)

Suppose g(x, ) is twice differentiable and V3 g(x, y*(x)) -0 (invertible) at

y*(x) = arg miny g(x, y), and f is differentiable. Then F(x) = fix, y*(x)) is differentiable with

VF(x) = Vif— V2,8 [V2,8] 'V, f.

Proof (sketch).

Optimality gives V,g(x, y*(x)) =0 for all x. Since Vf,yg is invertible, the implicit function
theorem makes y*(-) C' with Vy* = —[vﬁyg]—lvixg. Substitute into the chain rule
VF = Vif+ [Vy*] V,f. O
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The Implicit Gradient
Working Example: Hypergradient by Implicit Differentiation

» Working example: form the IG without unrolling: solve one linear system instead.
import torch
# inverse-Hessian-vector product v = [d2 yy g] {-1} (d_y f) wvia conjugate grad.
def hypergrad(f, g, x, y_star):

dyf, = torch.autograd.grad(f, y_star, retain_graph=True)

dyg, = torch.autograd.grad(g, y_star, create_graph=True) # for HVP
def Hvp(v): # Hessian-vector product
return torch.autograd.grad(dyg, y_star, grad_outputs=v, retain_graph=True) [0]
v = conjugate_gradient (Hvp, dyf) # solve H v = dyf (no explicit inverse)
dxf, = torch.autograd.grad(f, x, retain_graph=True)

cross = torch.autograd.grad(dyg, x, grad_outputs=v)[0] # d2 2y g . v
return dxf - cross # = dF/dz

In practice

Only Hessian-vector products (one backward pass each): never form or invert H (Session 2).
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SESIIN B STICEIN R AR NIl The Implicit Gradient

Session 1 Recap — Session 2 Preview

v" What we’ve covered

e What bilevel is: a leader—follower (Stackelberg) program, with a long history.

@ Where it appears: a gallery of ML formulations (HPO, meta-learning, NAS, data
reweighting, IRM), each shown with results.

e The implicit gradient (hypergradient): derived via the implicit function theorem,
computed through an inverse-Hessian—vector product.

= Coming up next
@ Session 2 — Theory: re-stating the problem, then reformulations, KKT conditions, and
value-function / penalty approaches.

@ The three ways to compute hypergradients (implicit function, unrolling, value function),
problem classes and assumptions, and the resulting algorithms.
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Session 2: Outline

@ Theory & reformulations. The bilevel problem restated; three ways to compute the
hypergradient (implicit function, gradient unrolling, value function); KKT /

variational-inequality reformulations; penalty methods; problem classes, assumptions, and
why bilevel is hard.

@ Algorithms. Deterministic and stochastic implicit-function methods (BA, AID-BiO,
TTSA, ..); making the inverse Hessian cheap; inexact hypergradients; fully first-order
methods; and a frontier beyond lower-level strong convexity.

Roadmap

Two parts: theory — algorithms.  (Applications are Session 3.)
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The Bilevel Problem

We study the bilevel program

Xrg{égx F(x) := f(x, y*(x))

e x: upper-level (leader) variable; f: upper
objective.

o y: lower-level (follower) variable; g lower
objective.

e y*(x): lower-level solution map;
F(x) := f{x, y*(x)): the hyper-objective.
Notation

Upper x / lower y; solution map y*(x)

s.t.

The Bilevel Problem & Three Approaches

y*(x) € arg min g(x, y).
yeRdYy

@ Goal: descend F using the hypergradient
V F(x).

@ Recall (Session 1):
VF=V,f— Viyg [Vﬁyg]_lvyﬁ

@ Every method below either computes or
avoids this hypergradient.

; hyper-objective F(x) = f{x, y*(x)).
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U G e e e
Three Ways to Compute the Hypergradient

The coupling y*(x) has no closed form. There are three main approaches:

1. Implicit function (IF)

Differentiate the lower-level optimality condition V,g(x, y*) = 0. Exact, but needs an
inverse-Hessian—vector product (Session 1; lower-level constraints via KKT next).

2. Gradient unrolling (GU)

Backpropagate through the lower-level optimization trajectory. No inverse Hessian, but the
cost grows with the number of unrolled steps.

3. Value function (VF) & penalty

Replace the lower level by a value-function constraint, giving a single-level problem. Handles
constrained and non-unique lower levels.
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Session 2: Theory & Algorithms Implicit Function under Constraints

Recall: The Unconstrained Implicit Function Approach

With no lower-level constraints, the follower’s optimum satisfies stationarity,

Vyg(x y*(x)) = 0.

Differentiating in x (implicit function theorem) gives the implicit gradient, hence the
hypergradient:

%ﬁ - [foyg]*lv)z,xg, VF=V,f— Viyg [vz ]flvyf‘

Yy

@ Needs only the inverse Hessian [V)z,yg]*l, invertible by lower-level strong convexity.

@ Question: what if the lower level is constrained, so V,g # 0 at the optimum?
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Implicit Function under Constraints
Constrained Lower Level: KKT Replaces Stationarity

Now the follower is constrained:

*

y'(x) = argmin g(x,y) st. Ay <b.
y

@ At a boundary optimum, V,g # 0: the gradient is balanced by constraint forces.
o Its KKT conditions (Lagrangian £ = g(x,y) + AT (Ay — b)):
Vyg(xy* )+ ATA =0, Ay <b, X >0, X (Ay—b)=0.

TV VvV
stationarity feasibility complementary slackness

Intuition

Complementary slackness: each constraint is either inactive (A7 = 0) or active ((Ay*); = b;).

46 /143



Implict Function under Constraints
When Is y*(x) Differentiable? Two Conditions

To differentiate through the KKT system, it must behave like the unconstrained V,g = 0.
Two conditions play the role of the “invertible Hessian":
1. Constraint qualification (LICQ)

The active constraint rows Ag are linearly independent.
= the multipliers A* are unique, and the linearized system is solvable.

2. Strict complementarity

Every active constraint has a strictly positive multiplier (A\¥ > 0, not 0).
= the active set is stable: small changes in x do not switch constraints on/off, so y*(x) is smooth.

Otherwise

If a constraint is weakly active (A} = 0 while active), the active set can change and y*(x) is only
directionally differentiable.
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Implicit Function under Constraints
Differentiating the KKT System

Keep the active constraints Agy* = by (those with A7 > 0). Differentiating stationarity and
activity in x gives a linear system:

Vf,yg Ag dy*/dx _ V)Z,Xg ‘
Ag dA§/dx 0

@ A saddle-point (KKT) linear system; solving it gives %j via a Schur complement of Vf,yg
restricted to the active set.

@ Plug into the chain rule: VF = V,f+ (%)Tvyf

Same recipe

Constrained IF is still “differentiate the optimality conditions,” now the KKT system rather than
V,g=0.
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Session 2: Theory & Algorithms Implicit Function under Constraints

Special Case: Box Constraints

For box constraints ¢ < y < u (as in adversarial attacks), the active set is just the clamped
coordinates:

o Active (clamped): the coordinate sits exactly at a box boundary, yf = l; or yi = uj. A

small change in x does not push it off that boundary, so it stays fixed (“pinned”): hence
dy?

L =0.
dx

@ Inactive (interior): ¢; < yf < uj, the constraint is slack, so the coordinate moves freely
with x, exactly as in the unconstrained case.

Result

% is a coordinate mask: zero on clamped coordinates, the ordinary (unconstrained) sensitivity on
interior ones. No linear solve needed.
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Session 2: Theory & Algorithms Implicit Function under Constraints

Box Constraints: A Concrete Example

Suppose y* € R3 with y* = (uq, ¥4, £3): coordinates 1 and 3 are clamped at their bounds,
coordinate 2 is interior. Then

i 000 .

R R B '

X 0 00 X | unconstrained
—_———

keep interior only

@ Only the interior coordinate y; passes sensitivity to x; the clamped coordinates contribute
nothing.
@ So the hypergradient is: mask out the clamped coordinates, then apply the usual chain
rule on the interior block.
Why it matters

This mask is what makes Fast-BAT (adversarial training) cheap: a closed-form constrained

hypergradient. (Application in Part C.)
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Sl
Gradient Unrolling: Differentiate the LL Trajectory

Question: can we get Vy*(x) directly by the chain rule along the optimization path, avoiding
the inverse Hessian?

@ Run K LL steps yp — y1 — -+ — yk = y*(x) (with yo independent of x).
e Backprop through the path: with yx11 = yx — BV, 8(x, yk).

dYK Z( Ty )3% Vi1

—|_
yj-1 Oy vayg

=1 j=i+1

@ No inverse needed; differentiable end-to-end.
e Cost: time and memory grow with K (store the whole path): a bias/cost trade-off.
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Session 2: Theory & Algorithms Gradient Unrolling

Unrolling: Forward vs. Backward Mode

Write the per-step Jacobians of the lower-level step yxi11 = yx — 5V, 8(x, yk):

9 0
Bii= %t = 1- BV gl vi),  Aci= 2t = —BV5.8(x ).

Then Z, := % satisfies Zy11 = ByZx + Ak, and VF = V,f+ Z;Vyf.

Forward mode [Franceschi et al., 2018] Backward mode (reverse / BPTT)

Carry Zj forward with the trajectory: Store yp, . .., yk, then backpropagate an

Zy =0, Zyy1 = BeZk + Ax. adjoint: akx = Vyf, Q= BZak_i_l,

Memory independent of K: cost scales with dim(x). accumulating VF.

Best when x is low-dimensional. Cost independent of dim(x); memory O(Kdim(y)).
Best when x is high-dimensional (the autodiff
default).
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Gradient Unroling
Truncated and Sign-Based Unrolling

Truncated unrolling [Shaban et al., 2019]

Backpropagate through only the last T steps (freeze By, Ay for k < K— 7).
Memory drops to O(7 dim(y)); the hypergradient bias decays geometrically in T (the lower-level map is

a contraction). Trades memory for bias.
Sign-based unrolling (Sign-MAML)
Use sign-GD at the lower level: yii1 = yx — Bsign(V,g(x, y)).

Since sign(-) has zero derivative almost everywhere, B, = A, = 0, so % =0 and VF collapses to the
first-order term V.,f.

Intuition

Sign-based unrolling is exactly why Sign-MAML costs like a first-order method: it drops the coupling.
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Session 2: Theory & Algorithms Gradient Unrolling

Working Example: A K-Step Unrolled Inner Loop

» Working example: differentiable K-step LL solve: autograd returns the unrolled hypergradient
import torch

# Upper var z; lower obj g(z,y); upper obj f(xz,y). Unroll K LL GD steps.
def unrolled_hypergrad(x, g_fn, f_fn, yO, K=10, beta=0.1):

y = yO.clone() .requires_grad_(True)
for _

in range(K): # differentiable LL trajectory

g = g_fn(x, y)

gy, = torch.autograd.grad(g, y, create_graph=True) # keep graph —> dy_K/dz
y =y - beta * gy

F =f_fn(x, y) # f(z, y_K(z)) ~ F(z)
gx, =

torch.autograd.grad(F, x) # chain rule through the K steps
return gx, y.detach()
# More steps K -> smaller bias, but K = the memory/compute (store the path).

In practice

create_graph=True keeps the graph through each LL step so the implicit term flows back to x.
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Gradient Unrolling
IF vs. GU: When to Use Which

Implicit Function (IF) Gradient Unrolling (GU)

Pros: agnostic to the LL optimizer; Pros: no Hessian inverse; trivially
theoretically grounded. differentiable.

Cons: needs the Hessian inverse; |G derivation Cons: depends on the LL optimizer/path; cost
is non-trivial. blows up for large K.

Key point

Both assume an unconstrained, single-solution lower level. For constrained / non-unique LL =
value-function methods next.
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SEEESTCT I H I TR ETG T EIl  Value Function & Penalty Reformulations

Value-Function Reformulation

For non-singleton / general LL, replace it by a value-function constraint:

min fxy) st glxy) < i) = ming(xy)

@ Any LL solution satisfies g(x, y) < v(x) with equality = equivalent single-level constrained
problem.

e Handles constrained and non-unique lower levels, where IF/GU break down.

o Catch: the constraint g(x, y) — v(x) < 0 is non-smooth and not strictly feasible =
standard regularity (constraint qualifications) fail.
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BT e R
Making the Value Function Usable: Smoothing & Feasibility

Smoothed, strictly-feasible surrogate

va(x) = min g(x,y) + AYy> + a2, a1, >0

@ ajp: the inner problem becomes strongly convex, so v, is differentiable.

@ ap > 0: makes it strictly feasible. The raw constraint g(x, y) < v(x) can hold only with equality
(since v(x) = min, g), so it is always tight: no strictly feasible point exists and Slater's condition
fails. Adding a, lifts the bound, so the inner minimizer satisfies g < v, — a» < v,, a strict margin.

Result

The relaxed problem is smooth and strictly feasible, so it yields to interior-point or primal-dual methods
(next).
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BT e R
Solving the Smoothed VF Problem: BVFIM & PDBO

BVFIM: Bilevel Value-Function Interior-point Method [Liu et al., 2021]
Enforce the margin v,(x) — g(x, y) > 0 with a log-barrier:

min f(xy) + 1% = p21n (va(x) — gfx,).

The barrier blows up at the boundary, keeping y strictly feasible; the objective is smooth and solved by
gradient descent.

PDBO: Primal-Dual Bilevel Optimization [Sow et al., 2022]

Attach a multiplier A > 0 to the value-function constraint and solve the saddle problem:

min max f{x, y) + A(g(x y) — va(x)).

Handles convex lower levels with multiple minimizers, where the implicit-function approach breaks down.
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Value Function & Penlty Reformuations
Penalty-Based Bilevel Gradient Descent [Shen and Chen, 2023]

General recipe: fold the lower level into the upper objective as a penalty:

min f(x, y) +7 P(xy).

X, yE
LL-stationarity penalty Value-function penalty
P=[IVye(x Y P=glxy) —v(x)
for unconstrained LL. for general / constrained LL.

@ Avoids Hessian inverses; works under weaker assumptions (constrained,
non-strongly-convex, non-unique LL).

@ Cost: the penalty introduces nonconvex/nonsmooth structure; analysis is harder, and

most results are deterministic.
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KKT Reformulation & Variational Inequalities
KKT-Based Reformulation

Replace the lower problem by its first-order (KKT) conditions as constraints:

min fx,y) st. V,g(x,y) =0 (+ LL multipliers v if constrained).

x’.y7V
@ Turns bilevel into a single-level constrained program.

e Catch: the feasible set is nonconvex; standard constraint qualifications (LICQ/MFCQ)
generically fail at the LL stationarity manifold.

@ Valid when LL is convex (KKT = global optimality); otherwise only necessary.
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Session 2: Theory & Algorithms KKT Reformulation & Variational Inequalities

Connections to Variational Inequalities & Equilibria

LL optimality V,g(x, y) = 0 generalizes, under constraints y € C, to a variational
inequality:
(Vyg(x,y), y=y) =0 VyeC.

Bilevel then = optimization over the solution set of a VI (an MPEC / MPCC).

Leader—follower = a Stackelberg equilibrium; symmetric play = Nash. Links bilevel to
game theory and equilibrium programming.

This viewpoint extends bilevel to non-unique, constrained, or game-structured lower levels.
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Session 2: Theory & Algorithms Problem Classes, Assumptions & Difficulty

Three Problem Classes

Basic-BLO (unconstrained, unique LL)
miny f{x, y*(x)) s.t. y*(x) = arg min,cgr~ g(x, y): the IF theory above applies directly.

Cons-BLO (constrained, unique LL)
min, f{x, y*(x)) s.t. y*(x) = arg min,cc g(x, y): 1G via KKT differentiation (below).

NS-BLO (non-singleton LL)

miny yesx) fx y) s.t. S(x) = arg minycc g(x, y): needs value-function / penalty methods.

Rule of thumb

Increasing generality = increasing algorithmic difficulty.
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Session 2: Theory & Algorithms Problem Classes, Assumptions & Difficulty

Standard Assumptions & Performance Metrics

Standard assumptions (Basic-BLO) Metrics
e Vf Lipschitz & bounded. e e-stationarity: |[VF(x)||? < e (det.) or
e g twice diff.; g(x,-) strongly convex. E[[VF(x)[* < € (stoch.).
° V)Z,yg, Viyg Lipschitz & bounded. o Sample complexity G(f,¢), G(g; €):

#stochastic gradient/Hessian

Second-order conditions appear because the IG itself is . !
evaluations to reach it.

second-order.

So what?
These let us compare the algorithms ahead on equal footing.

63/143



e s T D7
Checkpoint: The Problem Is Set Up. What Comes Next?

v" What we’ve covered
@ Three ways to compute the hypergradient: implicit function, gradient unrolling, value
function.

e Reformulations (KKT, variational inequalities, penalty); problem classes, standard
assumptions, and metrics.

= Coming up next

o First, why the implicit gradient is genuinely hard to compute at scale.

@ Then the algorithms: deterministic and stochastic implicit-function methods, cheap
inverse-Hessian tricks, inexact hypergradients, and fully first-order methods, with a
MAML case study.
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Problem Classes, Assumtions & Diffculy
Why the Implicit Gradient Is Hard

@ Inverse of a Hessian [Vf,yg]_l: prohibitive at deep-learning scale.

@ Relies on assumptions: lower-level stationarity, a unique LL solution, and a
twice-differentiable, invertible LL objective.

e Constraints at the lower level break stationarity: 1G needs more careful (KKT/VF)
treatment.

@ Stochasticity: y*(x) is never solved exactly = biased hypergradients.

Looking ahead
The algorithms ahead approximate or avoid the inverse Hessian.
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Algorithm Design Choices
Design Choices for Bilevel Algorithms

Every bilevel algorithm makes three decisions:

1. Deterministic vs. stochastic

Full gradients/Hessians, or noisy estimates from minibatches (ML default).

2. Single- vs. double-loop

Double: #lower-level steps grows with target accuracy e.  Single: a constant O(1) number
of lower-level steps per upper step.

3. Exact vs. approximate implicit gradient

Solve the linear system exactly, or approximate the inverse-Hessian product.

Big picture
These three axes organize the IF algorithms in this session.
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Deterministi IF Algorithms
The Simplest IF Algorithm: Bilevel Approximation (BA)

“Gradient descent on the implicit gradient” [Ghadimi and Wang, 2018]. At each upper step t:

BA iteration

@ Solve the lower level (approximately) by GD: y ~ y*(xt).
@ Form the IG with the exact formula VF = V,f— V2 g[V2 g 'V, f.
© One descent step: xpr1 = x¢ — o VF(x¢).

@ A double loop: an inner solver re-solves the lower level every upper step.
o Sample complexity: G(f,€) = O(e™1), G(g,€) = O(e~%/*).

So what?

Can we avoid the explicit inverse and improve the rate?
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Session 2: Theory & Algorithms Deterministic IF Algorithms

Approximate Implicit Differentiation: AID-BiO

Idea [Ji et al., 2021]: never form [V g]™!; solve a linear system instead.

The problem AID-BiO solves (inverse-Hessian—vector product)

VZng— V,f| m|n 2ZTV2},gz—( yf)Tz,

then z~ [V2,g]7'V,f, and VF=V,f-V3gz

@ A fixed number of LL GD steps: yii1 = yk — BV y8(xe, Yi)-

@ Solve the boxed system by N steps of conjugate gradient (CG) (Hessian-vector products
only, no matrix stored).

© One upper step on the approximate hypergradient.

Complexity
G(f,€) = O(e71), G(g,€) = O(¢71): both linear. The stochastic variant (stocBiO) swaps CG for a

Neumann-series estimator.
68 /143



Session 2: Theory & Algorithms Making the Inverse Hessian Cheap

The Inverse-Hessian Bottleneck, and Four Fixes

The crux is the inverse-Hessian—gradient product H1g with H = Vf,yg; at deep-learning scale,
forming/inverting H is prohibitive.

Conjugate gradient (CG) Hessian-free H ~ |

Solve Hz = gas a QP; only HVPs, no inverse. Reasonable for ReLU nets (+ small 62); used
by Fast-BAT & BiP pruning.

WoodFisher

Empirical-Fisher curvature H ~ % Zig,giT + 1

rank-1 recurrence + Woodbury for the inverse. H™* =1, (/—nH)*: a truncated sum of
HVPs.

Neumann series

Trade-off

All trade |G accuracy against per-step cost.
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Session 2: Theory & Algorithms Making the Inverse Hessian Cheap

Neumann-Series Approximation of the Inverse [Lorraine et al., 2020]

For H= V2 gscaled so ||/ —nH| < 1,
—nzl—nH UZ(/—nH

Apply to a vector with only Hessian—vector products, never forming H or H~1.
Truncating at N terms gives a geometrically small bias ~ (1 — nug)N.

Scaled implicit differentiation to millions of hyperparameters.

CG solves the same system Hz = V,f at comparable cost (often fewer iterations).
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Session 2: Theory & Algorithms Making the Inverse Hessian Cheap

Working Example: Neumann Inverse-Hessian—Vector Product

» Working example: compute [Viyg]’1 v with a truncated Neumann series: HVPs only.
import torch

# Approzimates H{-1} v where H = d2_yy g(z, y), via Neumann series.
def neumann_ihvp(g, y, v, eta=0.1, N=10):

dyg, = torch.autograd.grad(g, y, create_graph=True) # for HVP
def Hvp(u): # u -> H u (one backward)

v.clone() # running term (I - eta H) k v
s = v.clone() # running sum

return torch.autograd.grad(dyg, y, grad_outputs=u, retain_graph=True) [0]
_ in range(N):

p=p - eta *x Hvp(p) # p <- (I - eta H) p
s = s + p # accumulate
return eta * s # ~

=H{-1} v
# Hypergradient: dF = d_z f - d2 zy g

(H{-1} d_y f)
In practice

Plug the returned vector into the cross term Viyg (+) to finish the IG (cf. Session 1's CG snippet).
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S [P A
Stochastic Bilevel: From Double-Loop to Single-Loop

In ML we only have minibatch gradients/Hessians = stochastic IF methods. A progression:

e BSA [Ghadimi and Wang, 2018]: stochastic BA. Double-loop: an inner SGD solves the
LL accurately each step; Hessian inverse via stochastic Neumann.

@ TTSA [Hong et al., 2023]: single-loop, two-timescale. One LL SGD step per upper step,
with a < (3 (lower level moves faster). Suited to online / sequential data.

o STABLE [Chen et al., 2022]: single-timescale. A corrected LL update (correction
X Xer1 — Xt) keeps y tracking y*(x); momentum on Hessian/Jacobian.

e SUSTAIN [Khanduri et al., 2021]: single-loop, double-momentum (variance reduction on
both levels) = near-optimal rate.
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Stochasic IF Algerithms
Two-Timescale Stochastic Approximation (TTSA) [Hong et al., 2023]

A single-loop method: one lower step and one upper step per iteration, at two stepsizes.
TTSA recursion

Yit1 = Yk — Bi Vy&(Xk, Yki Ck+1)  (lower: fast timescale)

Xkr1 = Xk — Ol ﬁ-_(xk,yk) (upper: slow timescale)

o VF: a stochastic hypergradient using a sampled Neumann Hessian-inverse estimate
(O(log 1) samples per step).

e Two timescales: ay/Bk — 0, so the fast lower level tracks y*(xx) while the slow upper
level descends F.

@ Only O(1) lower-level samples per step: no inner solve, SGD-like, easy to implement.

Why it matters

First single-loop bilevel method with finite-time guarantees (O(e~%/?) for a nonconvex upper level);

specializes to two-timescale actor-critic in RL.
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el Gl S
TTSA: Why the Hypergradient Is Hard to Estimate

The lower-level gradient G = Vg is easy to sample unbiasedly. The hypergradient is not:
VF=V.f-Vig [Vi,e ' Vf
N——

cannot sample directly

@ Plugging in one stochastic Hessian is biased: E[[Vf,yg(-; Ol # [Viyg]_1 (inverse of a
mean # mean of inverses).

o Fix: write H:= Vf,yg; strong convexity gives 0 < gl = H = Lgl. Expand as a Neumann
series:
- k
-1_ 1 1
Hi=£> (-£H)"
k=0

@ Each term is a product of Hessians, so it can be sampled.
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el Gl S
TTSA: The Hypergradient Estimator VF= hf [Hong et al., 2023]

Subroutine (input t)

@ Draw p € {0,...,t — 1} uniformly at random (a randomized truncation of the series).
@ Form the estimate

he = Vafl:€) = V2l Go) | £ T2, (I - £V3e(:6)) | VA ).

@ Uses only Hessian-vector products; draws at most t 4+ 1 samples per step.
e Guarantee: bias [VF—E[h{|| = O((1 — pg/Lg)*) (geometric in t); variance O(c?).
@ So t = O(log 1) makes the bias O(e): a controllable-bias stochastic gradient.

75/143



el Gl S
TTSA: Standing Assumptions

Upper level f
V,f Lipschitz and bounded; V,f Lipschitz in y.

Lower level g (the key structural assumption)
@ g(x,-) is strongly convex in y: the solution y*(x) is unique and Vﬁyg >~ 0.
° Viy , Viyg are Lipschitz; Viyg is bounded.

Consequence

y*(+) is Lipschitz and the hyper-objective £(x) = f{x, y*(x)) is smooth, so the hypergradient is
well-defined.
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el Gl S
TTSA: Why Two Timescales?

The upper step uses ﬁ-‘(xk,yk), but yx # y*(xk). This bias is controlled by tracking:

A)lf =E[|lyk — v (xx-1)|1?] (lower-level tracking error).

o If the upper level moves slowly (ax/Bk — 0), the target y*(xk) drifts slowly, so the fast
lower level keeps up and A’y‘ — 0.

@ Then the hypergradient bias vanishes, and the upper update behaves like SGD on ¢(x).

@ Progress is measured by the optimality gap ||xx — x*||? (convex) or stationarity || V£(x)||?

(nonconvex).
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Stochastic IF Algorthms
TTSA: Convergence Rates [Hong et al., 2023]

With two-timescale stepsizes, after K iterations the tracking error and the upper-level measure
both decay:

Upper £(x) stepsizes (a, Bx) outer rate inner rate
strongly convex (k71 k=2/3) O(K=2/3)  O(K~2/3)
convex (K34 K=Y2)  O(K~Y%)  O(K1/?)
nonconvex (K=3/5, K=2/5)  O(K=%/%)  O(K~?%/%)

@ In every case oy < By the upper level is slower than the lower.
@ Nonconvex O(K=2/3) on ||V/||? gives sample complexity O(e~5/?).
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S [P A
Stochastic IF Methods: Loop Structure & Complexity

Method Loop structure G(f,€) / G(g, ¢€)
BSA [Ghadimi and Wang, 2018]  double-loop €2/e3
TTSA [Hong et al., 2023] single-loop, two-timescale €5/2 ) 5/2
STABLE [Chen et al., 2022] single-loop, single-timescale €2/e?
SUSTAIN [Khanduri et al., 2021]  single-loop, double-momentum — ¢73/2 / ¢=3/2
SABA [Dagréou et al., 2022] single-loop, SAGA-type (VR) e~3/2-type
F2SA [Kwon et al., 2023] single-loop, Hessian-free €2, no Hessian

@ TTSA trades a worse f-rate for a better g-rate vs. BSA, but is single-loop.
@ Momentum / variance reduction (SUSTAIN, SABA) push toward the single-level
optimum.
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Session 2: Theory & Algorithms Stochastic IF Algorithms

The Convergence-Rate Landscape

Sample complexity to reach an e-stationary point (||VF||? < ¢):

Regime Representative rate

Method

Deterministic, LL-SC O(e7 1)

AID-BiO [Ji et al., 2021]

Stochastic, double-loop  O(e~2) BSA [Ghadimi and Wang, 2018]
Stochastic, single-loop  O(e~2) STABLE [Chen et al., 2022]
+ variance reduction O(e73/?) SUSTAIN/SABA [Khanduri et al., 2021, Dagréou et al.,

o Bilevel SGD now matches single-level SGD: €72, or €3/2 with VR, and the inner solve no

longer dominates.

@ All rates assume LL strong convexity; relaxing it is an active frontier (end of session).
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Session 2: Theory & Algorithms Inexact Hypergradients

A Descent Lemma Under Inexact Hypergradients

Two errors enter every practical 1G: (i) inexact y & y*(x); (ii) truncated inverse-Hessian. Treat
the net effect as a bias b.

Lemma (Descent with a biased hypergradient)

Let F be L-smooth, step a < 1/L, and let VF satisfy ||V F(x) — VF(x)|| < b. Then
xt = x— aVF(x) obeys
F(x") < FO) = $IVFR)I + 557

Proof (sketch).
L-smoothness gives F(x") < F(x) + (VF,x" — x) + 5[|x* — x||?. Substitute x* — x= —aVF,

write VF = VF + e with ||| < b, use a < 1/L and (VF,e) < 3| VF|]> + 152 O

Takeaway

Drive b — 0 (more inner / Neumann / CG steps) = standard (S)GD analysis = stationarity.
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Session 2: Theory & Algorithms Inexact Hypergradients

Truncation, Warm-Starting, and Bias Control

@ Warm-starting: reuse the previous y as the next inner init; as x moves slowly, far fewer
inner steps reach a target bias [Arbel and Mairal, 2022].

@ Truncated unrolling / inversion [Shaban et al., 2019]: keep only the last few inner steps;
bias decays geometrically in the number kept.

o Budgeting: per the descent lemma, set b> = O(||VF||?) so the bias never dominates the
descent term: inner work scales with how close to stationarity you are.

Bottom line
Net effect: hypergradient error becomes a controllable bias term in the rate.
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Fully Frst-Order Methods
Checkpoint: Can We Avoid the Hessian Entirely?

v" What we’ve covered
e Implicit-function methods (BA, AID-BiO, TTSA, ..) all form or approximate the
inverse-Hessian—vector product in the hypergradient.

@ Cheap-Hessian tricks (CG, Neumann, Hessian-free) and inexact hypergradients reduce the
second-order cost, but do not remove it.

= Coming up next

e Fully first-order / Hessian-free methods: estimate the hypergradient using only gradients,
with no Hessian, Jacobian, or inverse.

@ Essential at foundation-model scale, where Hessian-vector products are impractical
(Session 3).
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Session 2: Theory & Algorithms Fully First-Order Methods

Recall: Penalty & Value-Function Reformulation

From Part A: using the value function v(x) = miny g(x, y), the bilevel problem becomes a
single-level penalty:

min fixy) +7(gly) = v(x), 7> 0large.

@ The penalty g(x,y) — v(x) > 0 vanishes exactly when y = y*(x) = arg min, g(x, y).

@ As v — o0, the penalized solution approaches the true bilevel solution, recovering
F(x) = fix, y*(x)).

@ Question: can we compute VF from this penalty using only gradients, with no Hessian?

Next

F2SA answers yes: a fully first-order hypergradient built from the value-function difference.
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Fully First-Order Methods
Fully First-Order: The F2SA Idea [Kwon et al., 2023]

Goal: minimize the hyper-objective F(x) := f(x, y*(x)) using only gradients, where

y*(x) = argminy g(x; y).
o Introduce a penalized lower solution (7 large): ,(x) = argminy [g(x,y) + 3 f(x,y)] —= y*.
e With value functions v(x) = min, g(x, y) and v,(x) = min,[g+ %ﬂ one has the identity

F(x) = lim v(vy(x) — «(x)).

Y—00

o Differentiating (Danskin, so no inner derivative is needed):

V() = Vif(x, ) + 7[Vxg(x 77) — Vig(x, y*)]

@ Only gradients V,f, Vg at two points: no Hessian, Jacobian, or inverse.
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Al
F2SA: The Algorithm and Its Cost

Track the two lower-level solutions by SGD; update x by the gradient difference:

F2SA updates

Vi1 = Yk — BV y8(xk, Yk) (track y*)
Zkr1 =2k — B Vy[g+ %f] (Xk7 Zk) (track 3\/7)

Xkp1 = Xk — (fo(Xl« 2) + 7 [ Vg (%, 26) — Vx&(xk: )/k)])

@ Every step is a first-order oracle call; no second-order object is ever formed.

@ Complexity: a polynomial first-order-oracle rate; avoiding second-order info costs a higher
power of 1/e (and a ~y variance factor), which later works reduce.

Why it matters

Simpler updates, friendly at foundation-model scale (Session 3); the price is penalty tuning () and
higher variance.
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Session 2: Theory & Algorithms Frontier & Summary

Counter-Example: Why Non-Convex Lower Levels Break

Drop lower-level strong convexity and the hyper-objective can fail to be well-behaved:

@ The solution set S(x) = arg min, g(x, y) can
change discontinuously as x varies (a

bifurcation): minimizers appear or disappear.

@ Then ¢(x) = f{x, y*(x)) is discontinuous, and
practically not even computable.

@ At a bifurcation, Vf,yg degenerates, so the
implicit gradient blows up and ||y — y*(x)||
cannot be controlled.

30, =y 32y =y

Ly =yy-Dy+1)

The lower-level optimal set jumps as x crosses a

threshold.
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Session 2: Theory & Algorithms Frontier & Summary

Frontier: Removing Lower-Level Strong Convexity

Every rate above assumed LL strong convexity. Without it, F(x) can be discontinuous (the LL
solution set jumps as x moves).
@ Relaxed conditions: replace strong convexity by the Polyak—tojasiewicz (PL) condition;
penalty/VF methods still reach 5(6*2)—type rates [Shen and Chen, 2023].
@ LP / constrained lower levels (e.g. y*(x) € arg min g over a polytope): a log-barrier
smoothing g(x,y) — t)_;log(—hi(x, y)) restores a differentiable surrogate.
e Fully first-order methods (F2SA) extend most naturally to these regimes [Kwon et al.,
2023).
@ Survey of the modern landscape: [Yang et al., 2025].

Big picture
These are exactly the tools we need for foundation models (Session 3).
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Frontier & Summary
Session 2: Takeaways

@ One fingerprint: every method forms or avoids the inverse-Hessian product in VF.

o IF (CG/Neumann/Hessian-free) is optimizer-agnostic; GU differentiates the LL path (cost
grows with K); VF/penalty handle constrained/non-unique LL.

o Rates have caught up: stochastic bilevel now matches single-level SGD: O(¢~2), and
O(e~3/2) with variance reduction.

@ Inexact hypergradients are fine: a controllable bias b enters the descent lemma; drive
b — 0 via inner/Neumann/CG steps and warm-starting.

o Next (Session 3): applications of this template, from classical ML (meta-learning,
adversarial training, pruning, dataset selection, IRM) to foundation models (RLHF,
alignment, inverse RL).
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Session 3: Applications

Session 3: Outline

@ Classical ML applications: meta-learning (MAML), adversarial training (Fast-BAT),
model pruning (BiP), dataset selection, and invariant risk minimization (IRM).

@ Foundation models: the alignment problem and RLHF; alignment as bilevel; DPO; inverse
RL as bilevel; maximum-likelihood IRL and a single-loop algorithm with guarantees.

© Results & frontiers: MuJoCo and LLM alignment; AIHF (joint reward+policy); offline IRL
and reward transfer; bilevel across the LLM stack; open problems.

Roadmap

One template, applied: from classical ML to foundation models.
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Session 3: Applications

Bilevel in Classical Machine Learning

v" What we’ve covered

@ Theory: three ways to compute the hypergradient, reformulations, problem classes.

@ Algorithms: deterministic and stochastic IF, cheap-Hessian tricks, and fully first-order
methods.

= Coming up next

@ The same bilevel template, applied: meta-learning (MAML), adversarial training
(Fast-BAT), model pruning (BiP), dataset selection, and invariant risk minimization.

@ Each shown as a formulation, a solver choice, and results; then foundation models follow.
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AL
Case Study: MAML as Bilevel

Meta-learning a good initialization [Finn et al., 2017]: upper = validation of the fine-tuned
model; lower = per-task fine-tuning from the shared init x:

N
min 5 > G (0 DI), i (x) = argmin (i(y: Di',x).
With a one-step inner solve yi(x) = x — BV{(x; D!"), the hypergradient is

N
=> (1= BV?U(x) VEi(y; (x); D).
i=1

Key point
The Hessian term [ — BV?/; is exactly what the solvers below keep, drop, or invert.
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Case Study: MAML
MAML Solvers: What Each One Does

Same bilevel problem; the solvers differ in how they treat the Hessian term | — 3V?/;:

e MAML [Finn et al., 2017] (keep it, full unrolling, second-order):
x4 x—ay; (I—BV2(x)VLiys; val).

e FO-MAML [Nichol et al., 2018] (drop it, | — BV~ I): x < x— Y, VL{(y:; val).
o Sign-MAML [Fan et al., 2021] (sign inner step): y; = x — Bsign(V¥;(x)); sign has zero

. dy? - :
derivative, so j’)’( = |, giving a first-order update.

o iIMAML [Rajeswaran et al., 2019] (invert it, proximal inner ¢; + 3|y — x]|): 1G
=(I+ %Vzﬁi(yf))flv&(y}*;val) via CG; optimizer-agnostic.
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AL
MAML Results: Sign-MAML Closes the Gap Cheaply

40 = le—=1
e Full MAML/iIMAML are most 510
_38 %
accurate but much slower (true g /‘\- N
. . 536 T 0
unrolling / inverse). g g
g3 208
. v
@ Among first-order methods, % h
0.7
1 _ _ 1 —=— SIGN-MAML = —#— SIGN-MAML
Sign-MAML beats FO-MAML in w0 ko i SHh
accuracy at near-identical 3z 3 & s e e S R
. . . Fine-tuning Steps Fine-tuning Steps
per—lteratlon time. (a) Accuracy 10-way 2-shot (b) Time 10-way 2-shot

@ More ﬁne—tuning steps help, but 10-way 2-shot: (a) test accuracy and (b) train time per upper-iteration
cost grows. vs. fine-tuning steps.
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SEESILICHWICITEUEI  Application: Adversarial Training (Fast-BAT)

Adversarial Training as a Constrained Bilevel Problem

Give the attacker its own objective [Zhang et al.,
2022b]:

min By [6(6,6°(9))]

> D o
& (" (truth)
)
-
U unicycle
DNN (adversary) ®

st 6°(0) = argmin u(0.9), C={lollx <} o &)
(S

2 Trainer
=

Adversarial
perturbations Max 7y,

. P

e

—

@ Box-constrained LL (special case of linear) +
strongly convex.

Adversary

. . . Adversarial example + min—max view of AT.
@ Min—max AT is the special case ik = —Vyr.

@ Goal: attack-agnostic, scalable robust training.
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Session 3: Applications Application: Adversarial Training (Fast-BAT)

Fast-BAT: Lower-Level Linearization = Closed Forms

Key trick: linearize £,y at z with quadratic regularization,

Cak(0,8) = (Vslaw(8,2), § — 2) + 2|6 — 2|

Closed-form attack (one-step PGD): 6*(0) = Projo(u), u:=z— }Vsla(0, 2).
Closed-form implicit gradient (KKT differentiation; the quadratic reg makes V3, — \/):

do*

1

A

vaggatk(e, Z)

) H = diag (K[ |ui < €]).

H is the active-set mask: 1 on interior (unclamped) coordinates, 0 on those clamped to a
box face +¢ (an “indicator over active box faces”).

Fast-BAT D Fast-AT: replacing the linearization by its sign kills the 1G (% =0) and

recovers Fast-AT [Wong'20].
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anlaendesn o o Gkl
The Fast-BAT Algorithm vs. Traditional AT

Every method alternates an inner attack on § with an outer update on 6:

PGD-AT [Madry et al., 2018]: min—max, K inner steps
Inner (Kx): & < Proje (6 + nsign(Vsle(6,6))); Outer: 6 < 6 — a Vgl (6, 6).

Fast-AT [Wong et al., 2020]: one step, no implicit gradient
Inner (1x): & = Projc (nsign(Vstw(6,0))); Outer: 6 < 0 — a Vgl (6, 6).

Fast-BAT [Zhang et al., 2022b]: one step + implicit gradient
Inner (1x, closed form): 6* = Projc(z— Vslaw(0, 2));
Outer: 0 + 6 — a(vgft,(e,a*) + [22]7 V5406, 5* ))

Key difference

Only Fast-BAT keeps the implicit gradlent (closed form, box active-set mask), at one-step cost.
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Application: Adversarial Training (Fast-BAT)
Fast-BAT: Robust and Fast

@ One IG-aware SGD step on 6 + one Takeaways
closed-form PGD step on 4. @ AT = lower-level constrained BLO.
@ Deterministic IF approach over the constrained @ Linearization = closed-form attack
LL; sample complexity O(¢~1). and 1G.
@ Empirically: best robust accuracy among o Fast-AT is the sign-linearized special
fast-AT baselines (Fast-AT, Fast-AT-GA, e
BackSmooth) at comparable runtime. Code: github.com/0PTML-Group/Fast-BAT
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SESCURCHWLIIENINE  Application: Model Pruning (BiP)

Model Pruning as Bilevel: Bilinear Structure

Prune but keep accuracy [Zhang et al., 2022a]: 107 - Dense Model
—_ IMP
.g
min Lprune (M © 6*(m)) £ o Qe
m = —e— BiP-AO
_ ) 2 —e— BiP-GU
s.t. 0%(m)=arg min lee(m® 0) + 3]16]|° & _—e— BiPJIF
=]
2
]
_ O
o Upper: pruning mask m. Lower: mask-fixed 2 5 . N Y N
retraining. g 10 oL e e —a_9 o esseonm_
@ Bilinear variables m ® 6; mismatched
prune/retrain objectives. 20 40 60 80 100

1 1 0,
@ SOTA before: iterative magnitude pruning Pruning Ratio (%)

(IMP), accurate but re-trains T times. IMP time explodes with sparsity; BiP is

sparsity-agnostic.
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Application: Model Pruning (BiP)
BiP: Why the Hessian-Free IG Collapses to a Diagonal

Lower level g(m,0) = £y (m ® 6) + 2||6]|?, with bilinear coupling m ® 6. Stationarity,

componentwise (z=m® 6):

(Vog)i = m;i (Vi (2)),+~0i = 0.

Why the cross term is a diagonal of first-order gradients

Differentiate in mj: 9(Vog)i _

5 = §;(Vtu(2), +miaj(V2€tr(z))U.
m; —_——

diagonal (explicit m;) ~0 (Hessian-free)

So V2, g~ diag(Vly(z)) and [Vgeg]fl A %I, giving

de*—l— _ ‘ .
e Viog [Vies] ' —% diag (Ve (m © 6%)).

Key point
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SESCURCHWLIIENINE  Application: Model Pruning (BiP)

BiP Results: Better Accuracy, Sparsity-Agnostic Time

78.0

@ BiP-IF matches/beats the
best “winning ticket”
across sparsities.

-
~
n

= ,7'\7

3
=
o

Test Accuracy (%)
Test Accuracy (%)
~1
(=2}
wn

> T et DenseModel | W =5 " Dense Model
@ Accounting for the o0 = P e
. - ¥ OMP 76.0 v omp
coupling (IG) matters: ¥ BiPAO ‘ T Bip-AO
—%— BiP-GU —%— BiP-GU
BIP—lF/GU > BiP-AO B3 e mew 755 L mpw
e Best Winning Ticket/ | -—-— Best Winning Ticket|
(ignores 1G). o 20 40 60 80 100 0 20 a0 60
Cost is flat i it Pruning Ratio (%) Pruning Ratio (%)
@ Cost is flat in sparsity
(prev. slide), unlike IMP. () CIFAR-10 (b) CIFAR-100
CIFAR-10 CIFAR-100

Bottom line
Clean bilevel formulation + implicit gradient = better and faster.

Code: github.com/0PTML-Group/BiP
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SESIT IR T[N Application: Dataset Selection & IRM

Dataset / Coreset Selection as Bilevel

\O
W

Weight (select) data above, fit a model below:

N
min &> 46" (w))
i=1

wel

N
t. 0% = i i0i(0),
s (w) argm@miz;w (6)

Q={we[0,1)V: ||wlo < k} (keep k
samples).
@ Solvers: DP-IF (WoodFisher inverse),
DP-GU (10-step unroll + prox on w).
@ Both bilevel solvers beat Greedy /
Random.

e
(=)

Method (Runtime)
Random (0.1h)
Greedy (7.3h)

—o— DP-IF (9.9h)

—e— DP-GU (4.4h)

60% 70% 80% 90% 100%
Dataset Remaining Ratio

o2e]
o

Test Accuracy (%)
co
()

-
W

CIFAR-10: test acc. vs. remaining ratio. DP-GU is best and
cheapest (4.4h vs. DP-IF 9.9h); DP-IF/Greedy pay for the

Hessian inverse. 102/143



SESIT IR T[N Application: Dataset Selection & IRM

Invariant Risk Minimization as Consensus-Constrained Bilevel

Learn a representation ¢ invariant across E environments [Zhang et al., 2024]. Decouple
per-environment predictors ¢;, tied by a consensus constraint:

E

mem Z[ 0)o0) + ||V li(o7 (0 )od)||>

E
st. {97(6)} = arg {g}igcg&(@om, C={pr="r= ¢}

@ GU + consensus projection (¢f = %Z,«bgm) gives a closed-form unrolled LL solution.

@ Turns a non-separable, non-singleton problem into decomposable per-environment fits +
consensus.
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Al P Seat= G (R
IRM Results: Bilevel Closes the Gap

@ ERM: high accuracy gap across

Method ‘ BLO Colored-MNIST | Colored-FashionMNIST

environments (nOt invariant) . (Solver) Avg. Acc. Acc. Gap Avg. Acc. Ace. Gap
ERM N/A 49.19+1.89  90.72+£2.08 | 49.77£1.71  88.6242.49

@ All IRM variants beat ERM: IRM-v1 N/A | 6833+£0.31 204+005 | 68.76+0.31  145+0.09
IRM-Game N/A 67.73+0.24 1.67+0.14 67.494+0.32 1.824+0.13

IRM-BLO (consensus-constrained

IRM-BLO | GU | 69.47+£0.24  1.04+0.07 | 69.43+0.21 1.14+0.11
bilevel) is best on both metrics.

o Best avg. accuracy and smallest Colored-MNIST / Colored-FashionMNIST: avg. acc. (higher) & acc.

accuracy gap. gap (lower better).
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The Alignment Problem & RLHF
The LLM Alignment Problem

@ Goal: make an LLM produce text that conforms

to human preferences and values [Ouyang et al., How should I respond to an email from my
2022] professor asking for a delayed assignment?
Lo . . @& Demonstration (Clear+Specific)
@ Data is fixed and offline: human demonstrations Apologies for the deley, due 10 [orief essord, Ml bl
- - C) the assignment by [date]. Please let me know if that
Dy and pairwise preferences D, works,
@ A special case of “improving Al through @ preferred Response (Clear-+Specific)

. " . Si for the delay, I , 1l
experience”: learn a reward and a policy from O suomit by ate e e P
human data.

Vague Response
@ This is naturally a bilevel problem, and the
O Sorry for the delay. | will send the assignment soon.

structure pays off.

@ Good news: structure = efficient hypergradients Demonstration vs. preferred vs. vague responses.
and improved alignment.
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The Alignment Problem & RLHF
The RLHF Pipeline [Ouyang et al., 2022]

Three steps: SFT (Dg) — reward model (Dp) — RL policy opt. (PPO).

step1
Collect demonstration data,
and train a supervised policy.

Aprompt is
sampled from our o
prompt dataset. landing to 6 year old
v
Alabeler
demonstrates the @
desired output o
behavior. Some peoplowent
\J
This data is used -
to fine-tune GPT-3 RA
. . >
with supervised N
learning. 2
SEE]

A sequential pipeline: we will see it is

step2

Collect comparison data,
and train a reward model.

Aprompt and
several model
outputs are
sampled.

Alabeler ranks
the outputs from
best to worst.

This data is used
to train our
reward model.

nding 1006 year ol

step3
Optimize a policy against
the reward model using
reinforcement learning.

Anew prompt

is sampled from w,,,?:,,,,,
the dataset. T

\l
The policy #0
generates ZA, -
an output. e

\l

ncauponatime.

\l
The reward model o
calculates a 225

L

reward for N
the output.

v
The reward is
used to update r" B
the policy
using PPO.

one bilevel program.
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M e ek
RLHF: The Three Objectives

SFT: min — E(s,a)wa [ log 71'(3 | S)] (clone the expert)
RM: m@in — E(s,aw,a/)NDP [ log a(r(s, aw; 9) - r(s, ar, 0))] (Bradley-Terry)
Policy: max E; , (/s [ r(s, a;0) — [ log wsz(sl(js)} (KL-regularized RL)

@ The RM uses the Bradley—Terry model: P(a, > a;) = a(rw — r/).

@ The policy step is KL-regularized toward wgpr with coefficient 3, to stay close to a fluent
base.
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Session 3: Applications Alignment as Bilevel

Alignment Is a Bilevel Problem

Reward parameter 6 (upper) sits over the RL-optimal policy 7*() (lower):

mein Coref (0, () s.t. 7°(0) € argmax E.[r(s, a;60)] — BKL(7 || mspr).

Upper: choose the reward so its induced policy matches human
preferences/demonstrations.

Lower: the RL policy that is optimal under the current reward.

o Exactly the two-timescale leader—follower structure of Sessions 1-2: reward leads, policy
follows.
@ Task 1 (policy opt.) and Task 2 (reward estimation) folded into one bilevel program.
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lignment as Bilevel
DPO: Collapsing the Bilevel [Rafailov et al., 2023]

The KL-regularized lower level has a closed-form optimal policy:

*(als)

7(als) = 5= als)exp(:r(s,a;0)) = r(s,a;0) =flo + Blog Z
(a]5) = 75 mser(al s) exp(2r(s.2:0) —> s, a6) = Blog -l 1 Blog Z(s).

const in a

@ Substitute this implicit reward into the Bradley—Terry loss = a single-level objective in 7:
no separate RM, no RL loop (“your LM is secretly a reward model”).

Caveats: why the general bilevel does not collapse

@ Needs the exact KL-regularized optimum 7*; an SGD-trained finite network only approximates it.

@ Works only for the Bradley—Terry pairwise loss, where the intractable log Z(s) cancels between the
two responses; demonstrations or other losses do not cancel.

@ The reward is identified only up to the per-prompt constant log Z(s): DPO yields no standalone,
transferable reward model.

@ Purely offline on the preference set: prone to distribution shift / reward hacking off-distribution.
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Sl
Working Example: The DPO Loss in PyTorch

» Working example: the bilevel collapse becomes = ten lines: log-prob ratios + logsigmoid.

import torch.nn.functional as F
def dpo_loss(policy, ref, s, a_w, a_l, beta=0.1):
# log-probabilities of chosen / rejected answers under policy & frozen ref
lp_w = policy.logprob(a_w, s); 1lp_l1 = policy.logprob(a_l, s)
lr_w = ref.logprob(a_w, s); lr_1 = ref.logprob(a_l, s) # pi_SFT
# amplicit rewards T = beta * log(pi/pi_SFT) (DPO reparameterization)
rew_w = beta * (lp_w - lr_w)
rew_l = beta * (1p_1 - 1r_1)
# Bradley-Terry: mazimize sigma(r_w - r_l) -> minimize -logsigmoid
return -F.logsigmoid(rew_w - rew_l) .mean()

Key point

The reward never appears explicitly: it is absorbed into the policy's log-ratio.
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Session 3: Applications Alignment as Bilevel

Preference Learning & Reward Hacking

Bradley—Terry maps pairwise comparisons to a reward: P(a,, > a;) = o(ry, — ).

Rewards are identifiable only up to a shift/scale: many rewards explain the same
preferences (= an ill-posed upper level).

@ Reward hacking: the policy exploits errors in an imperfect learned reward, drifting from
intent.

@ Bilevel remedies: regularize the reward (KL, demonstrations); learn reward + policy
Jjointly rather than in a brittle sequence (AIHF, later).
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Alignmen IRL 25 2 Bilevel Program
BLO for Alignment

e Task 1 policy optimization: For a given reward r(s, a; 0), find the best policy 7y

e Task 2 reward estimation: Find the reward r(s, a; §), whose optimal policy matches the
expert policy

@ The Maximum Likelihood principle: The actions generated by the desired policy should be

most likely if the ground truth is the expert policy 7£.

@ Use BLO to integrate them into a single problem ([Zeng-Li-Garcia-H. 22]*
[Zeng-Garcia-H. 24]) 2

is. Zeng, C. Li, A. Garcia, & M. Hong. Maximum-likelihood inverse reinforcement learning with finite-time
guarantees. NeurlPS, 2022.
25, Zeng, M. Hong, A. Garcia, Structural estimation of markov decision processes in high-dimensional state

space with finite-time guarantees, Operations Research, 2024.
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Alignmen IRL 25 2 Bilevel Program
BLO for Alignment

@ We consider the following formulation:
max L(O) =E &= [Iog mp(a | s)] (ML-BLO)
s.t. my:=argmax E . [r(s, a;0) + H(w(- | s))}

@ H(m(:|s)) is either a entropy regularizer or KL regularizer
e 7 denotes the optimal policy when the reward parameter is 6

@ Challenge: Is the lower-level problem even convex? How to compute the gradient
VL(6)? Hessian computation? Online expert interaction?
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Computing the Gradient (Offline, Hessian-Free)
Resolve the Challenge: Online to Offline Data

e To avoid online interaction with the expert 7 ~ 7, observe the following

L(O) =, ¢ [r(st, as; 0)] —Egp [Ve(so)]

where Vj(sp) denotes the value function for a given reward r(-; 9).
@ Consider the following surrogate loss

~

L(0;D):=FE ¢ p [r(st, a; 9)] — Esnp [Vo(SO)}

where D is a set of offline demonstration data
@ It turns out that we have the following:

G, [In(2/6)

L0 - LOD) < 1\ [T

, with probability 1 — §

where C, is a bound on the reward function.
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Computing the Gradient (Offline, Hessian-Free)
Resolve the Challenge: Property of the problem

@ The policy optimization problem is generally non-convex

@ The optimal policy 7} is unique under each reward function r(-,-; 0):

exp Qu(s, 2)
2a oD Qo(5.3)

my(als) = 5
where @y is the soft Q-function under the optimal policy 7}
Qo(s, a) == r(s,3,0) + E(g aryrs n(s,ad’;0) + H(m;(-|s))

@ Need to iteratively compute 7 and @ to converge to optimal solutions

@ But this structure will help us finding closed-form solution for gradients.
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Computing the Gradient (Offline, Hessian-Free)
Resolve the Challenge: Property of the problem

@ Taking the gradient we obtain

VoL(0) :=E 6_,e |:V9r(5t, a; 9)} — Esnp [Ve Ve(So)}

=E & e |Vor(ss, as0)| —Egnp [Vg log < Z exp Qp(so, 5))]
- acA

=E, 5. |Vor(st, ar 0) —ESONP[Zwe(a\so)vgog(so,a)]
- acA

=E & & |Vor(s:,at,0)| —Erur, [Vgr(st, as; 9)} .

Where the property of the Q function is used

Viy(s) = log ( Z exp Qy(s, 5))
a~A
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Session 3: Applications Computing the Gradient (Offline, Hessian-Free)

Approximate Gradient Computation

@ Replace the original loss with the surrogate loss, leverage the optimality condition, we
obtain a simple gradient expression:
VL) ~E s.p [Vgr(s, a; 6)} —Eron; [Vgr(s, a; 6)}
@ Surprisingly simple form! No Hessian computation needed
@ Observation: The gradient contrasts the reward obtained, by following the experts and
moving away from the model’s current policy 7y
@ A recent work has a derivation with a more generic loss function

@ Note, the second term still depends on the optimal lower-level policy

117 /143



ARSI ez i
TTSA-Type Algorithm: A single-step policy optimization

(Policy Optimization Step.) Following TTSA, a single-step soft-policy iteration

Estimate the soft-Q function a(s, a)

Update the policy by soft policy iteration [Cen et al 21]:
Trr1(als) o< exp ((A?(s, a)), VseS,ac A

@ One step update; 7, 1(a | s) will track the global optimal solution 7;(a | s)
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ARSI ez i
TTSA-Type Algorithm: A single-step policy optimization

o (Reward Optimization Step.) Recall the gradient expression:
VL) =E & .8 [Vgr(st, ar; 0)] —Err; [Vgr(st, ar; 9)} .
Under the current policy 7xy1, (biased) stochastic gradient update:
Ok+1 = Ok + Oé(h(ek, 7ie) — h(0, Tk))

where 72 ~ D, 7 ~ 141 and h(0,7) := Vr(st, ar; 0).
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Session 3: Applications A TTSA-Type Single-Loop Algorithm

Non-asymptotic Analysis

Theorem (Zeng, Garcia & Hong, 2022)
By choosing the stepsize oo = ay - K_%, it holds:

K-1

1 _1

e E E[|llog mk+1 — log mg,[loo] = O(K™2) + O(eapp)
k=0

K-1
= S B[IVLOI?] = OK) + Ofeapy)
k=0

@ Under linear reward parameterization, guarantee of global optimality.
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SESICT R [EIINEM A TTSA-Type Single-Loop Algorithm
Remarks

@ The above work is closely related to a line of research called imitation learning, and inverse
reinforcement learning (IRL) [Ziebart et al., 2008, Ross et al., 2011, Pomerleau, 1988]

@ How to better learn from expert demonstrations?

@ Learning a reward function and a policy together is more generalizable than supervised
learning [Ross et al., 2011]

@ The above result is first non-asymptotic analysis for IRL algorithm under nonlinear reward
parameterization
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B ST T T
Application to Fine-Tuning of LLM

@ In typical RLHF, SFT step learn from demonstration data using the following:
min (spr(7) = —Erepgpy [log(m(a | 5))]
“Clone” the behavior of the expert demonstrator
@ Learn more generalizable policy? Apply (ML-BLO):
min Lse = —Erenger [log(ms(a | 5))]
s.t. mp =arg max E(a)~r(-|s)r(s, @ 0) + H(m(-[s))]

@ Algorithm: Alternating between reward update (contrastive learning) and policy update
(proximal policy optimization).
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Session 3: Applications LLM Fine-Tuning & Numerical Results

Numerical Results 3

@ Train LLM for text summarization tasks using the TL;DR dataset

@ Initialize the model by performing SFT on a pretrained 1B parameter Pythia model

@ Apply the proposed algorithm (denoted as IRL below), where the RL is done using
Proximal Policy Optimization (PPO)

Accuracy of IRL Reward Models

—— IRL Iterations
0se 588% - 587%

4958.5%

Reward Accuracy

1 2 3 4 5 6 7
IRL Iterates

(a) Reward Accuracy

Reward Score

Reward Score of IRL Checkpoints

oo 238 235 24 2,46 249
2.2

—— |RL Checkpoints
== SFT Model
== Demonstration

1 2 3 4 5 6 7
IRL Iterates

(b) Reward Score

ations

Win Rate Agai D

T-40 Win Rate

< o275

= |RL Checkpoints
== SFT Model

0.312

1 2 3 4 5 6 7
IRL Iterations

(c) Win Rate

3Zeng, S., Liu, Y., Rangwala, H., Karypis, G., Hong, M., & Fakoor, R. (2025). From demonstrations to
rewards: Alignment without explicit human preferences.
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Session 3: Applications LLM Fine-Tuning & Numerical Results

Numerical Results

@ We compare with a few SOTA methods such as SPIN [Chen et al 24] using the UltraChat
dataset

@ Initial policy Mistral-7b-SFT-Beta 5

@ Evaluate both reward models and policy models.
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Session 3: Applications LLM Fine-Tuning & Numerical Results

Numerical Results: Reward Bench

Reward Model Performance Across Different Tasks

100
—~ 809
2
> ,
@ 60 Mistral-7B-SFT-Beta
5 SPIN-Iterl
Ld [ SPIN-Iter2
<< M |RL-Iterl-Reward
© 40 Il |RL-lter2-Reward
©
2
&
20

Chat ChatHard Saety Reasning Ag
Tasks
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Session 3: Applications LLM Fine-Tuning & Numerical Results

Numerical Results: MT-Bench

o Evaluate different LLM policy models using the Open LLM Leaderboard and MT-Bench

Tasks ‘ First turn  Second turn  Average
mistral-7b-sft-beta ‘ 5.66 5.09 5.37
SPIN-Iterl 6.75 5.56 6.16
SPIN-Iter2 3.18 3.41 3.29
IRL-Iterl-Policy 6.71 5.96 6.33
IRL-Iter2-Policy 7.01 6.19 6.60
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Numerical Results: OpenLLM Leaderboard

Mistral-7B-SFT-Beta
SPIN-Iteration-1
SPIN-Iteration-2
IRL-lteration-1
IRL-Iteration-2

Arc TruthfulQA Winogrande GSM8k  HellaSwag MMLU Average
Tasks
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Session 3: Applications AIHF: Joint Learning from Demonstrations & Preferences

Extension
@ We can further leverage this approach to integrate the three stages of RLHF (SFT, RM,
RL) into a single unified stage [Li-Zeng-Li-Garcia-H. 2025] 4

mein LSFT(G; Dd) + LRM(Q; Dp)
s.t. mg:=argmax E.; [<r(s, a;0) + H(Tr(\s)))]

@ The reward and policy learning leverages all the available data

@ The algorithm is similar to the two-step bilevel optimization algorithm, alternates between
policy optimization and reward optimization.

4C Li, S Zeng, Z Liao, J Li, D Kang, A Garcia, M Hong “Learning Reward and Policy Jointly from

Demonstration and Preference Improves Alignment”, ICLR (spotlight), 2025
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AIHF: Joint Learning from Demonstrations & Preferences
Numerical Results: 1B Model for HH dataset

@ Policy model: EleutherAl/pythia-1B Reward model: EleutherAl/pythia-1.4B
e Dataset: Anthropic/hh-rlhf; Evaluation: PKU-Alignment/beaver-7b-v3.0-reward

15-

1.0-

o
0.5- \/\/\/\/\/

0.0 -

Average Score

—— RLHF (start from demonstration-sft model)
—0.5- —— AIHF (start from demonstration-sft model)
AIHF (start from full-sft model)
SFT on top 10k demonstration
-0 —— SFTon full dataset o

(5 20‘00 40‘00 60‘00 80‘00 10600 12600 14(500
The Number of Policy Optimization Step
Figure: Helpfulness-controlled Generation on Pythia-1B policy models, where the reward model is

trained from Pythia-1.4B models. 120/143



SECSICHCHINT[EIINEIN  AIHF: Joint Learning from Demonstrations & Preferences

Experiment: Alignment with Demonstration & Preference

@ Demonstration Dataset: UltraChat_200k

@ Preference Dataset: Ultrafeedback_Binarized

Tasks | Arc Challenge TruthfulQA MC2 Winogrande GSMS8k HellaSwag MMLU Avg
mistral-Tb-sft-beta 54.69% 42.96% 77.27% 39.88% 82.23% 59.712%  59.46%
zephyr-7b-beta 59.64% 55.18% 77.82% 33.51% 84.19% 59.76%  61.68%
SPIN 58.45% 43.66% 78.30% 39.50% 83.59% 58.60%  60.35%
DPO 62.80% 53.17% 79.40% 39.20% 85.13% 59.41%  63.19%
IPO 58.02% 48.29% 79.24% 42.91% 83.93% 60.07%  62.08%
AIHF-DPO 61.17% 60.03 % 79.00% 39.80% 85.71% 60.02%  64.29%
Self-play AIHF 61.77% 58.29% 78.53% 44.20% 85.53% 58.66%  64.50%
AIHF 63.90 % 58.38% 79.24% 40.56%  86.23%  60.18% 64.75%
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SECSICHCHINT[EIINEIN  AIHF: Joint Learning from Demonstrations & Preferences

More Experiments and Discussions

@ A tutorial paper for details about applying
BLO to LLM alignment [Zeng et al 25] @

@ An NSF podcast discussing high-level
ideas on how to use demonstration data
to improve Al

aS. Zeng, L. Viano, C. Li, J. Li, V. Cevher, M.
Wulfmeier, S. Ermon, A. Garcia, M. Hong, “Aligning
Large Language Models with Human Feedback:
Mathematical Foundations and Algorithm Design”,
submitted IEEE Signal Processing Magazine, 2025

Innovation Anywhere,
Opportunity Everywhere

NSF s an independent federal agency that supp
sclence and engineering In all 50 states and UsS.

Learn more

What's new

advances 29 semifinalists in
. . . second NSF Regi
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Pipelines & Frontiers
Where Bilevel Sits in the LLM Stack

Pretraining Post-training
e Data mixing / reweighting as an (outer) e RLHF / DPO / alignment: reward over
bilevel objective. policy.
@ Domain weights over one giant training o IRL: reward + policy from human data.
run.

One unifying lens: the whole pipeline is a nested hierarchy of coupled objectives.
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Session 3: Applications Pipelines & Frontiers

Pretraining: Data Mixing as Bilevel

Choose domain mixing weights A (web/code/math/..) so the model generalizes:

)r:neig Lyai (W' () s.t. w'(X) =arg mmilnzd:)\dﬁd(w).

@ The same data-reweighting template as Session 1, now at trillion-token scale.

o Lower-level solve = one (extremely expensive) pretraining run.

e = demands cheap, first-order hypergradients (penalty / fully-first-order methods, e.g.
F2SA [Kwon et al., 2023]): never an inverse Hessian.
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A
Emerging: Hierarchical & Long-Horizon RL

Hierarchical RL shares bilevel's nested, two-timescale structure: a high-level planner over
a low-level executor.

@ Long-horizon LLM agents (plan—execute): credit assignment across subgoals and within
each segment, a leader—follower decomposition.

@ Bilevel theory (two-timescale tracking, biased-gradient control) informs how to train these
agents stably.
@ Open: theory for multi-level (> 2) hierarchies at FM scale.
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Open Problems & Frontiers

@ Scalable solvers for foundation-model-scale bilevel (cheap hypergradients, no inverse
Hessian).

@ Theory beyond lower-level strong convexity: non-singleton, nonsmooth, non-convex LL
[Yang et al., 2025].

(]

Constrained / safe alignment as bilevel (hard safety constraints on the follower).
o Finer-grained alignment: multi-turn generation, autonomous self-learning from experience.

@ Benchmarks and software for bilevel at scale.

Big picture

Bilevel optimization is a vibrant area, with many open theoretical and practical problems.

135/143



Session 3: Applications Pipelines & Frontiers

Tutorial Summary

Bilevel optimization = a unifying lens for hierarchical learning (leader over follower).

Session 1: formulation, the implicit gradient (hypergradient), why bilevel is hard.

@ Session 2: scalable algorithms (implicit-function / unrolling / value-function) and
classical ML applications.

Session 3: foundation models: alignment and inverse RL as bilevel; a Hessian-free
contrastive hypergradient with finite-time guarantees; AIHF; offline IRL & reward
transfer; pretraining data mixing and hierarchical frontiers.

Punchline
One template: from a toy quadratic to aligning trillion-parameter models.
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Session 3: Applications Pipelines & Frontiers

Thank you!

Bilevel survey: [Zhang et al., 2024] (arXiv:2308.00788) | questions welcome.
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